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ABSTRACT. We establish part of the statement of the geometric Langlands conjecture for ¢-adic
sheaves over a field of positive characteristic. Namely, we show that the category of automorphic
sheaves with nilpotent singular support is equivalent to the appropriately defined category of ind-
coherent sheaves on the union of some of the connected components of the stack of Langlands
parameters.
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INTRODUCTION

0.1. What is done in this paper?

0.1.1. This paper can be considered as a sequel to both the [AGKRRV] and [GLC] series. Namely, in
[AGKRRV1, Conjecture 21.2.7] we proposed a version of the geometric Langlands conjecture (GLC)
that makes sense in the context of ¢-adic sheaves (for curves over a field of any characteristic).

Namely, it says that the (derived) category
(0.1) Shvnip (Bung)
of ¢-adic sheaves on the moduli stack Bung of principal G-bundles on a (smooth and complete) curve
X, with nilpotent singular support, is equivalent to the category
IndCohiip (LSE™™),
where:

° LS?’?S" is the prestack of G-local systems on X with restricted variation, introduced in
[AGKRRV1, Sect. 1.4];

e The subscript “Nilp” stands for the restriction on the singular support (as coherent sheaves),
introduced in [AG1, Sect. 11.1].

Remark 0.1.2. The fact that the subcategory (0.1) inside the ambient Shv(Bung) is the “right object
to consider” as far as automorphic sheaves are concerned was a discovery of G. Laumon in his seminal
paper [Laum].

There he conjectured that all Hecke eigensheaves must belong to this subcategory. This conjecture
was settled in [AGKRRV1, Theorem 14.4.3]. In fact, more is true: in loc. cit., Theorem 14.4.4 it
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was shown that “any object of Shv(Bung) that remotely looks like a Hecke eigensheaf” belongs to
Sthﬂp(BunG).

0.1.3. Unfortunately, we still cannot prove the full GLC over a field of positive characteristic. Rather,
in this paper we establish a partial result. We construct a functor

(0.2) L&™ : Shvip (Bung) — IndCohwip (LSE™™),
and we prove.
Theorem 0.1.4. The functor ]Lréstr factors via an equivalence
Shvilp (Bung) = ITndCohninp ('LSE™) € IndCohnitp (LSE™),
where ’Lng is the union of some of the connected components of LSYGCS".
This is Theorem 1.3.9(i) in the main body of the paper.

Remark 0.1.5. We remind the reader that the connected components of LSrC{?S“ correspond bijectively
to semi-simple G-local systems (two local systems lie in the same connected component if and only if
they have isomorphic semi-simplifications).

In particular, every irreducible G-local system lies in its own connected component (which is, how-
ever, stacky and non-reduced).

0.1.6. In addition, we prove:

Theorem 0.1.7. If G = GL,, then the inclusion
/legstr C LSréestr
is an equality.
So at least for G = GL,,, Laumon’s vision for the structure of what he called “geometric Langlands

correspondence” has been fully realized.

Remark 0.1.8. One can say that for an arbitrary group G, we have not solved the most mysterious part
of the Langlands conjecture: we do not know that to an irreducible G-local system there corresponds
a non-zero Hecke eigensheaf.

Over fields of characteristic 0 we know this thanks to the Beilinson-Drinfeld construction of eigen-

sheaves for D-modules, using localization of modules over the affine Kac-Moody algebra at the critical
level®.

0.1.9. Assumptions on the characteristic. The above results rely on the validity of [AGKRRV1], for
which certain assumptions on the characteristic of the ground field are needed, see Sects. 14.4.1 and
D.1.1 in loc. cit.

0.2. Function-theoretic applications. The equivalence established in Theorem 0.1.4 allows us to
deduce information about the classical theory of automorphic functions (in the unramified case over
function fields).

0.2.1. Namely, we let our ground field k£ be the algebraic closure of a finite field F,, and we assume
that both X and G are defined over F,. In this case, the geometric objects involved in (0.2) carry an
automorphism, given by the action of Frobenius.

Taking its categorical trace and applying some existing calculations (namely, ones from [AGKRRV3|
and [BLR]), from Theorem 0.1.4 we obtain:

Theorem 0.2.2. There exists an identification of vector spaces
(0.3) Funct, (Bung(F,),Q,) ~ T('LSE™™ w),

where:

1Formally speaking, this is not how the proof of GLC for D-modules given in [GLC5] proceeds; however, it does
crucially rely on the localization of KM-modules, albeit slightly differently.
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e Funct.(—,Q,) stands for the space of compactly supported functions;

° LS%rithm = (LSr@em)Fm]D is the moduli space of Weil local systems on X with respect to G, and
/qurithm . (/Lsrpstr)Frob .
G = G ;
e w is the dualizing sheaf.

This is stated as Corollary 1.5.6 in the main body of the paper.

Moreover, it follows from the construction of the isomorphism (0.3) that it is compatible with the
action of the excursion algebra

Ag = D(LSE™™ 0)

on both sides, and in particular, with the action of the Hecke operators.

Remark 0.2.3. Parallel to Remark 0.1.8, Theorem 0.2.2 does not settle the main mystery in classical
Langlands: outside the case of G = GL,, we do not yet know that to an irreducible Langlands
parameter there corresponds a non-zero eigenfunction (if it existed, it would automatically be cuspidal,
by the nature of the isomorphism (0.3)).

Remark 0.2.4. The stack LSZ,rithm is Calabi-Yau?, but is also highly derived in that its structure
sheaf has non-trivial cohomology in infinitely many negative cohomological degrees. This implies that
although there is a canonical map

04 O arithm —> arithm ,
( ) LSC’; th wLS(’; th
it is very far from being an isomorphism (although it is such over the quasi-smooth locus).

Ultimately, this phenomenon is responsible for the presence of the Arthur SL, in the classification
of automorphic functions.

Yet, we expect that in the map
(0.5) D(LSE™™ Oy garitnm ) — D(LSE™™ W) qarithm ),
G G
induced by (0.4), both sides are classical vector spaces (i.e., are concentrated in cohomological degree
0) and the map (0.5) itself is injective. Moreover, we expect that the intersection of the image of

(0.5) with the subspace of cuspidal functions is equal to the space of tempered cuspidal functions (with
respect to any isomorphism Q, ~ C). We hope to take this up in a future work.

Remark 0.2.5. The paper [Ra2] proves an arithmetic result — the non-existence of cusp forms with
certain Langlands parameters — conditional on GLC in characteristic p. Although we only obtain
partial results on GLC in this paper, our results suffice for the applications in [Ra2].

0.3. The methods.

0.3.1. The first step is the construction of the functor (0.2). It is here that the significance of the
subcategory

Shvyiip (Bung) C Shv(Bung)

comes to the fore.

Namely, it turns out to be the maximal subcategory of Shv(Bung) on which the action of the Hecke
functors factors through a monoidal action of the category

QCoh(LSE™);

we refer to it as the “spectral action”.

2In the sense that the determinant of the cotangent complex is the trivial line bundle.
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We recover the functor (0.2) by requiring that it intertwines the actions of QCoh(LSE™") on the
two sides and makes the following diagram commute:

Vect M, Vect

COCHVacT TFIndCoh(LSrgstr77>

restr
Shvnilp (Bung) SN IndCohniip (LSE™),
where the left vertical arrow is the functor of vacuum Whittaker coefficient, see Sect. 9.3.1.

This follows verbatim the construction of the Langlands functor for D-modules and Betti sheaves in

[GLC1, Sect. 1].

0.3.2. As a next step, we show that the functor (0.2) is an equivalence for ¢-adic sheaves as long as
the ground field over which we work has characteristic 0.

To do so, by the Lefschetz principle, we can replace the initial ground field by the field C of complex
numbers. In the latter case, we compare the functor (0.2) for f-adic sheaves with its counterpart for
Betti sheaves, and we show that if the latter is an equivalence, then so is the /-adic version.

Finally, we quote [GLC1], which says that the Betti version of (0.2) is an equivalence. This is
obtained by combining the fact that the D-module version of (0.2) is an equivalence (which is the
outcome of the [GLC] series) and the Riemann-Hilbert correspondence.

0.3.3. Thus, our task is to deduce Theorem 0.1.4 for a field of positive characteristic from its validity
for a field of characteristic 0. We achieve this by the following procedure.

Let k be our ground field of positive characteristic (assumed algebraically closed). Let Ro := Witt(k)
be the ring of Witt vectors of k, let Ko denote the field of fractions of Rp and let K denote the algebraic
closure of Kg. Let R denote the integral closure of Rg in K.

Given a (smooth complete) curve Xy over k, we choose its extension to a (smooth complete) curve
XRr, over Spec(Rog). (Such an extension exists by a standard deformation theory argument.) Let Xk
be the base change of Xg, to K.

Note that we can identify LSYG?S;r with the union of some of the connected components of LSS

GK
see Sect. 3.1.3.
0.3.4. In Sect. 3 we introduce a specialization functor
(0.6) Sp : Shv(Bung,k) — Shv(Bung ),
which essentially amounts to the functor of nearby cycles.

We establish the following properties of this functor:

e It commutes with the Hecke functors;

e It commutes with the functors of Eisenstein series;

e It sends the vacuum Poincaré object® Poinc!\,/ﬁc to the vacuum Poincaré object Poinc!\ffc.

The first of these properties implies that the functor Sp sends the direct summand
Sthﬂp(BunG,K,k) C ShVNﬂp(BunG,K)
that has to do with LSgsktr C LSE«?SP? to Shvnilp(Bung k), i.e., we obtain a functor

(07) Sp : ShVNilp(BunggK’k) — Sthilp(BunG,k).

3This is the object that corepresents the functor coeffVae,



6 DENNIS GAITSGORY AND SAM RASKIN

Combined with the other properties, one shows that the functor (0.7) preserves compactness and
makes the following diagram commute:

restr

ShVNﬂP(BunG,K,k) K—> IndCOhNi]p(Lng:r)

| i

Shvaip(Bung,k) ——— IndCohnip(LSESY).
Lo _

0.3.5. However, this is not quite enough to deduce Theorem 0.1.4. What we need is another crucial
property of the functor (0.7), which says that this functor is a Verdier quotient.

It turns out that there is a simple criterion for when a functor between dualizable categories is a
Verdier quotient, see Lemma 5.4.5. This is a general categorical assertion, but it turns out that one
can apply and check it in our situation; this is due to some rather special properties of the category
Shvnip (Bung) established in [AGKRRV2], most notably, the categorical Kiinneth formula.

The fact that this criterion is satisfied for us follows from a certain geometric property of the initial
functor (0.6). Namely, this property says that the natural map

(0.8) (Aung )1 (Enung ) = SPI(ABung 1(Epung 1))

is an isomorphism, where:
e Ay denotes the diagonal morphism of a stack Y;
e e, denotes the constant sheaf on Y.
In its turn, the fact that (0.8) is an isomorphism is equivalent to the ULA property of
(ABung g, )!(€Bung 5, ) With respect to the projection Bung,r, — Spec(Ro).
’ 2RO

We verify the required ULA property using the Drinfeld-Lafforgue-Vinberg compactification Bung
of the diagonal map of Bung.

0.3.6. Another technical result. We now mention another result, Theorem 1.1.7, established in this
paper, which is a crucial technical component for many other theorems that we prove.

Namely, Theorem 1.1.7 says that the category Shvnip(Bung) is generated by objects that are
compact in the ambient category Shv(Bung).

This result was conjectured in [AGKRRV1]%, and it was proved in loc. cit. when the ground field
has characteristic 0. In this paper we deduce it in the positive characteristic case using the functor
(0.7).

0.4. Structure of the paper.
0.4.1. In Sect. 1 we construct the Langlands functor (0.2) and derive function-theoretic applications.

0.4.2. In Sect. 2 we prove that the functor (0.2) is an equivalence over a ground field of characteristic
0. Namely, we deduce this from the validity of the Betti version of GLC.

0.4.3. In Sect. 3 we stipulate the existence of the functor (0.6) with some specified properties and
deduce Theorem 0.1.4.

0.4.4. In Sect. 4 we construct the functor (0.6) and establish some of its expected properties.

0.4.5. 1In Sect. 5 we state Theorem 5.1.3, which says that (ABunc,RO )i(e is ULA and show how

7BunG1RO)

this implies that the functor (0.7) is a Verdier quotient.

4This was used also as a hypothesis in [AGKRRV3] to show that the trace isomorphism Tr(Frob, Shvniip (Bung)) =~
Funct.(Bung(F,), Q,) reproduces the usual pointwise Frobenius map for constructible Weil sheaves.
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0.4.6. In Sect. 6 we prove the local acyclicity theorems responsible for the required properties of the
functor (0.6). There are four such theorems:

(i) Acyclicity of kernels defining Hecke functors. This is proved using (what essentially is) the Bott-
Samelson resolution;

(ii) Acyclicity of kernels defining Eisenstein functors. This is proved using local models, called Zastava
spaces.

(iii) Acyclicity of (ABung g, )! (EBung o ). This is proved using local models for Bun¢, developed in [Sch].

(iv) Acyclicity of the vacuum Poincaré object Poinc[\{,’%g.

In the present section we prove the first three of these theorems. The proofs are based on the
contraction principle, formulated in Proposition 6.2.2.

0.4.7. In Sect. 7 we prove the acyclicity of the vacuum Poincaré object. We give two proofs. One is
shorter, but it uses an additional assumption on the interaction of the characteristic of the field with
g(X) and G.

The second proof uses a comparison between the !-Poincaré object Poinc®® with its *-counterpart

PoincY®¢, expressed by Theorem 7.5.4.

0.4.8. In Sect. 8 we prove Theorem 7.5.4, which says that the cone of the natural map

Vac

. \
Poinc, ac

— Poinc,

belongs to the full subcategory generated by the essential images of the Eisenstein functors for proper
parabolic subgroups.

Theorem 7.5.4 is of independent interest, and the proof that we give is useful as well: it consists
of studying what one may call the asymptotic behavior of the Whttaker sheaf as we degenerate the
character.

0.4.9. Finally, in Sect. 9 we revisit the topic of the interaction of the Langlands functor with Eisenstein
series.

So far we have not mentioned Eisenstein series in the introduction, but not surprisingly, they form
an integral part of the theory, and our ability to prove statements about the Langlands correspondence
often relies on having good control of the Eisenstein functor.

One particular aspect of this is the computation of the Whittaker coefficient of Eisenstein series,
which is performed in Theorem 9.2.7.

0.4.10. Notations and conventions. Notations and conventions in this paper are identical to those in
[GLC1].
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1. THE LANGLANDS FUNCTOR FOR /-ADIC SHEAVES

In this section we will work over a ground field k, assumed algebraically closed, but it may have
either positive characteristic or characteristic 0. Our sheaf theory Shv(—) (see [AGKRRV1, Sect. 1.1]
for what we mean by that) will be that of (ind-)constructible Q,-adic étale sheaves; so our field of
coefficients e is Q,.

On the geometric side, we consider the category Shvnip(Bung), as defined in [AGKRRV1, Sect.
14.1].

On the spectral side we, we consider the category IndCohnip (LSE*™), as defined in [AGKRRV1,
Sect. 4.1].

The goal of this section is to construct a functor
]LrG?Str : ShVNilp(Bunc) — IndCOhNﬂp(LSrGeStr)
and state some results and conjectures pertaining to its properties.

1.1. Coarse version of the functor.

1.1.1. We start by considering the object
Poinc)*® € Shv(Bung)®.

It is constructed by the procedure of [GLC1, Sect. 3.3] (see Sect. 7.1.1 below).
Remark 1.1.2. Note that when k has positive characteristic, Poincy® can be equivalently constructed

by the procedure of [GLC1, Sect. 1.3.7], replacing the exponential D-module by the Artin-Schreier
sheaf, see [GLC1, Remark 3.3.6].

1.1.3. Recall the functor
P : Shv(Bung) — Shvip(Bung)
of [AGKRRV1, Sect. 15.4.5].

Denote:
Poinc) %, := P(Poine,’®®) € Shvyip (Bung).

1.1.4. Recall now that, according to [AGKRRV1, Theorem 14.3.2], the category Shvnip(Bung) is
acted on by QCoh(LSgS”),

We define the functor
Ll . QCoh(LSE™) — Shvyi, (Bung)

G,temp
to be given by the action of QCoh(LS%*") on Poincl\{ﬁcﬂp.

We will prove:

Proposition 1.1.5. The functor Lgsttcrl‘fp preserves compactness.

The proof will be given in Sect. 1.6.

1.1.6. As stated, Proposition 1.1.5 says that the functor Lgifr’fp sends compacts to compacts, when
viewed as a functor with values in Shvyip(Bung). The following assertion was stated as [AGKRRV1,

Conjecture 14.1.8]; we will prove it in this paper (see Sect. 3.1.12):
Theorem 1.1.7. The embedding

emb. Nilp : Shvyip(Bung) < Shv(Bung)
preserves compactness.

Lrestr,L

G temps When viewed

Thus, Proposition 1.1.5, combined with Theorem 1.1.7, say that the functor
as taking values in Shv(Bung), also preserves compactness.
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1.1.8. By Proposition 1.1.5, the functor LI™X admits a continuous right adjoint, which we will

G,temp
denote by ]Lg,sctgarse-

The functor Lg’f::;fp is QCoh(LSrG«CS”)—linear by construction. Hence, the functor LEe, . acquires
a structure of right-lax linearity with respect to QCoh(LSE™").

Note, however, since QCoh(LSE™") is semi-rigid as a symmetric monoidal category (see AGKRRV1,

Appendix C] for what this means), we obtain that the right-lax linear structure on L3y, .. is actually

strict.
1.1.9. We will prove:

Theorem 1.1.10. The functor L wase sends compact objects in Shvnip(Bung) to bounded below
(a.k.a. eventually coconnective) objects in QCoh(LSE™™).

The proof of this theorem will be given in Sect. 1.7.
1.2. The Whittaker coefficient functor.

1.2.1. Let

coeff Y : Shv(Bung) — Vect

be the functor co-represented by Poinc 2.

When char(k) is positive, it is given by (9.6). A variant of this holds when char(k) = 0 using the
material in [GLC1, Sect. 3.3].

1.2.2.  Recall the functor
(LSE™™, —) : QCoh(LSE™) — Vect,
see [AGKRRV1, Sect. 7.7].
Remark 1.2.3. Explicitly, the functor I'i(LS}$*", —) fits into the commutative diagram

(Ypgrestr)"

IndCoh(LS™") ——<—— QCoh(LS}*")
Fludcuh(LSgsn-7_)l lpl (Lsgstr7_)
Vect LN Vect .

This diagram is valid for any laft formal algebraic stack. Note, however, that for quasi-smooth®
formal algebraic stacks (such as LSE‘;S”)7 the top horizontal arrow is a Verdier quotient.

1.2.4. We will prove:

Proposition 1.2.5. The composition

L& oarse restry T1LSE™T,—)
Shvniip (Bung) — QCoh(LSE™) — Vect

identifies canonically with

emb.Nil coeff Vac
(1.1) Shvniip (Bung) ‘—1>\IpShv(BunG) 5" Vect .

The proposition will be proved in Sect. 1.6.7.

Remark 1.2.6. Recall (see [AGKRRV1, Sect. 7.6.1]) that QCoh(LS§™") is canonically self-dual, so that
under this sel-fduality the object OLsgzstr € QCoh(LSE™") corresponds to the functor I'y(LSE™, —). In
particular, a OLSgstr—linear functor

C — QCoh(LSE™)
(for a QCoh(LSES“)—linear category C) is uniquely recovered from the composition

Dy(LSES™, )
—

C — QCoh(LSE™™) Vect .

5In fact, an appropriate eventual connectivity assumption suffices.
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From here here we obtain that Proposition 1.2.5 gives rise to the following characterization of the

functor ch,?fctgarse: it is the unique functor

Shvyip, (Bung) — QCoh(LSrgs”)
that satisfies:
o It is QCoh(LS¥*"")-linear;
e Its composition with I'y(LS$®", —) is isomorphic to (1.1).
1.3. Construction of the Langlands functor.

1.3.1. Let u®?°° denote the functor

T grestr —®ly grestr

(1.2) QCoh(LSE™) £ IndCohyoy(LSE™) =~ IndCohygy(LSE™") <
< IndCohnip (LSE™),
where:

e The first arrow is given by tensoring by the dualizing sheaf Wygrestr of LSE’S“;
. [Lsgm is the graded line bundle® det(7*(LS$*)™")[—2(g — 1) dim(G)].

In what follows we will denote the composition of the first two arrows in (1.2) by Ejgrestr. This is
G
a functor that makes sense for any quasi-smooth formal scheme (resp., algebrac stack) Z. If Z is an
actual scheme (resp., algebraic stack), then Zz is the tautological functor
QCoh(Z) — IndCoh(Z),

whose essential image is IndCoh oy (Z).
Remark 1.3.2. We use the notation u®P*>f_ rather than the more common one, namely, UNilp,{0}, in
order to avoid the clash with the symbol for the nearby cycles functor.

Remark 1.3.3. The second arrow in (1.2) is introduced in order to make this functor compatible with
the one in the de Rham and Betti versions. Note also that LS'E«?Str is symplectic (the symplectic structure
is constructed using a choice of an invariant form on §) of dimension [2(g — 1) dim(G)]. Hence, the line
bundle det(T* (LSE™")) is canonically constant.

1.3.4. The functor u®*° preserves compactness and is fully faithful. Let u®*>¥ denote its right
adjoint.

The functor u®P®° is QCoh(LSrgs“)—linear by construction. Hence, the functor u®P*“¥* acquires a
right-lax linear structure. By the semi-rigidity of QCoh(LSrGfeS“)7 this right-lax structure is actually
strict.

1.3.5.  From Theorem 1.1.10, as in [GLC1, Corollary 1.6.5], we obtain:
Corollary 1.3.6. There exists a continuous functor

LSt . Shvyilp (Bung) — IndCOhNilp(LSr@es”),
uniquely characterized by the following properties:

(i) The functor LS sends compact objects in Shvip(Bung) to eventually coconnective objects in
IndCohNilp(LngStr), i.e., to IndCOhNilp(LSrées”)>_o°;

(i) (WP)" 0 LE™ & LE D pee.

Furthermore, as in [GLC1, Proposition 1.7.2], we obtain:
Lemma 1.3.7. The functor L™ carries a unique QCoh(LSg’S”)-lmear structure, so that the induced

QCoh(LSE™")-linear structure on (u***)% o L™ is the natural QCoh(LS%*™)-linear structure on
Lrestr

G ,coarse "

6In fact, this line bundle is constant, i.e., is essentially a graded line over e, see Remark 1.3.3 below.
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1.3.8.  We are now ready to state the main result of this paper:
Main Theorem 1.3.9.
(i) The functor LS factors via an equivalence
Shvilp (Bung) —+ ITndCohniip ('LSE™) < IndCohnip (‘LS

where 'LSrGf’S" is the union of some of the connected components of LSYG‘ES”.
(i) If char(k) = 0, then the inclusion 'LSE™™ C LSE™ is an equality.
(iii) For any k and G = GLy, the inclusion 'LS?;S" C LSEeStr is an equality.

Of course, we believe that the statement of Theorem 1.3.9(i) can be strengthened:
Conjecture 1.3.10. The inclusion 'Lng C LSrgStr s always as equality.
1.4. Langlands functor and Eisenstein series.

1.4.1. Let P~ be a standard (negative) parabolic in G and let M be its Levi quotient. Consider the
Eisenstein functor
Eis, : Shv(Bunas) — Shv(Bung),

see [GLC3, Sect. 8.1].

Note that according to the conventions of [GLC3, Sect. 8.1.3], the definition of Eis; includes a
cohomological shift, see (9.7).

We claim:
Proposition 1.4.2. The functor Eis; sends Shvnip(Bunas) to Shvnip(Bung).

Remark 1.4.3. The proof given below uses a spectral description of the subcategory Shvwii,(Bung).
One can, however, give a purely geometric argument proving Proposition 1.4.2: Namely, one can
estimate the singular support of objects of the form Eis,” (¥) using the following assertion:

The singular support of n (§Bunp,) € Shv(Bunp-) is contained in the union of the conormal of the
strata (for the natural stratification of Bunp- ).
This assertion can be proved using Zastava spaces in a way similar to the manipulation involved in
the proof of Theorem 4.4.5 below.
Proof. Let Z be a prestack over e mapping to LSR‘?;". Let
Hecke(Z, Shv(Bunay))
be the corresponding category of Hecke eigensheaves, see [AGKRRV1, Sect. 15.2].

Recall that according to [BG2] (the case of P = B) and its generalization to an arbitrary parabolic
in [FH, Theorem 1.6.5.2], the functor

(13)  Hecke(Z, Shv(Bunar)) *"H5% QCoh(2) @ Shv(Bunar) - o3' QCoh(Z) ® Shv(Bung)

factors canonically as

q— %Py *®Id Hecke(Z,Eis!_)
—

(1.4) Hecke(Z, Shv(Buna)) * Hecke(LSS™™  x 2, Shv(Bunyy))

le;\%str
restr oblvi.cke restr (q~5Pe°), ®Id
— Hecke(LSEZ" X Z,Shv(Bung))  —° QCoh(LSEY" X Z)® Shv(Bung)
LS;&S” LSx;\glstr
— QCoh(Z) ® Shv(Bung).
Take Z = LS?;IS“, and recall that in this case the composition

oblv I (LSTStr —)®1d
(1.5)  Hecke(LS'S™", Shv(Bunay)) "8 QCoh(LS'S™) ® Shv(Bunay) 8 ) Shv(Bunay)

is fully faithful with essential image Shvip(Bunas) (see [AGKRRV1, Proposition 15.5.3(a)]).
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Under the identification (1.5), the original functor Eis,” identifies with the composition of (1.4) with

Iy (LYY, —)@Id
M

QCoh(LS'$"") ® Shv(Bung) Shv(Bung).

The desired assertion follows now from the fact that for any Z’, the inclusion
Hecke(2', Shvyiip (Bung)) — Hecke(Z', Shv(Bung))
is an equality, see again [AGKRRV1, Proposition 15.5.3(a)].

1.4.4. Consider the diagram

restr p_,°P°¢ restr 9~ °P°¢ restr
LSG — LSpf — LSN{ s

,spec

where we note that the morphism q~ is a relative algebraic stack and is quasi-smooth.

The spectral Eisenstein functor
Eis %" : TndCoh(LS}5*") — IndCoh(LSE™™).
is defined to be

— ,speC)IndCoh ° (q — 7speC)IndCoh,>v=
* .

(p

As in [AG1, Proposition 13.2.6], one shows that the functor Eis™"*?°® sends
IndCohnitp (LS}T") — IndCohninp (LSE™).

1.4.5. In Sect. 9 we will prove:

Theorem 1.4.6. The diagram

]Lrestr

Shvyilp (Bunar) —2— IndCohyilp (LSMet)

(1.6) Eis:pp(wx)[a(zv;)pp(wx)]l JEis—-rSP“

Shvnip (Bung) E—— IndCohNﬂp(LSrgstr)
]LI('(;JS r

commutes, where:

e The functor Eis!_pp(wx> is the precomposition of Eis;” with the translation functor by pp(wx) €

Bung,, ;

= dim(Bun ), see [GLC3, Theorem 10.1.2].

® ), . — -
Np)pp(wx) Np)pp(wx)

1.5. Consequences for the classical theory of automorphic functions.

1.5.1.  We now specialize to the case when k = Fy, but X and G (and hence also Bung) are defined
over F,. The stack LSE‘;S" carries an automorphism induced by the geometric Frobenius on X.

The following assertion was stated in [AGKRRV1] as a corollary of loc. cit., Conjecture 24.6.9, and
the latter was proved in [BLR, Sect. 6.4.13]:

Theorem 1.5.2. The inclusion
IndCohiip (LSE™") < IndCoh(LS{E*™)
induces an isomorphism

Tr(Frob, IndCohyii, (LSE™")) =5 Tr(Frob, IndCoh(LSE™™)).
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1.5.3. A standard computation implies that
Tr(Frob, IndCoh(LSE™™)) ~ TR (L8t Frob, WL srgetryFeon )
Recall the notation
Ls;githm — (Lsgestr)Frob.
According to [AGKRRV1, Theorem 24.1.4], LS‘Z{ithm is a quasi-compact algebraic stack locally al-
most of finite type.

Hence, Theorem 1.5.2 implies that we have a canonical isomorphism
(1.7) Tr(Frob, IndCohiy, (LSE™)) ~ T(LSE*™™, Wygarithm ),
where by a slight abuse of notation, we denote by the same symbol
Wrgarithm € QCoh(LSZ ™)
the image of
Wygarithm € IndCoh(LSZ ™)
under the functor

(Ypgasienm) " : IndCoh(LSE™™™) — QUoh(LSE™™).

1.5.4. Let
/legstr C LSrG?Str

be as in Theorem 1.3.9(i). This is a Frob-invariant substack. Set

/LSgithm = (/LSg‘estr)Frob.

It formally follows from Theorem 1.5.2 that we have
(1.8) Tr(Frob, IndCohiip, ('LSE™)) o~ T(LSE™™ W, garithm )-
G

1.5.5. Combining isomorphism (1.8) with Theorem 1.3.9(i) and [AGKRRV3, Theorem 0.2.6], we ob-
tain:
Corollary 1.5.6. There exists a canonical isomorphism

Funct.(Bung(F,), Q,) ~ I'('LSE ™™ Wiggarithm ).
1.5.7. From Corollary 1.5.6 we obtain the following:

Corollary 1.5.8. Let G be semi-simple, and let o be an irreducible Weil G-local system. Then the space
of automorphic functions on which the algebra of excursion operators acts by the character corresponding
to o is at most one-dimensional (and in the latter case is spanned by a cuspidal function).

Proof. Recall that by [AGKRRV1, Theorem 24.1.6], an irreducible local system o gives rise to a con-
nected component LSglghm isomorphic to pt / Aut(c), where Aut(c) is a finite group. In particular?,

staG}‘iz-llm ~ OLS‘gi;}‘m'
Recall now that the excursion algebra identifies with
HO(T(LSE™™, 0, gyitnm).
The map
arith ith
LSEEM™ — Spec(D(LSE™, 0, gyitim)),

induced by . i
Lsglthm N SpeC(F(LS?‘;lthmv OLS@rithxn )),
Ie]

"Note also that LS‘githm is canonically Calabi-Yau, i.e., the determinant line bundle of its cotangent bundle is

trivialized. Hence, the restriction of Wy qarithm 0 the quasi-smooth locus of Lsgithm is canonically isomorphic to the
G

restriction of O qarithm -
G
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identifies with
pt / Aut(o) — pt.

This makes the assertion obvious.

Remark 1.5.9. If Conjecture 1.3.10 holds, then 'LS‘githm is all of LSaG-rithm.

In particular, in this case in Corollary 1.5.8, the corresponding eigenspace is exactly one-dimensional.
1.6. Proof of Propositions 1.1.5 and 1.2.5.

1.6.1. Write LSYGeStr as a union of its connected components
LSE™ = UZa.
As in [AGKRRV1, Sect. 21.1], we can write each Z, as a (countable) colimit
Za ™~ Colbim Lo,
where:

e Bach Z, , is a quasi-smooth algebraic stack;

e Bach ian @ Za,n — Za is a regular closed embedding that induces an isomorphism at the
reduced level.

1.6.2. The category QCoh(Z4) is compactly generated by objects of the form
(tan)+(024.,,) ® E,
where € is a dualizable object in QCoh(LSE™").
In fact, we can take € to be the pullback of a vector bundle under the evaluation map
evy LSgZStr —pt /G
corresponding to some chosen point z € X.

1.6.3. 'We now begin the proof of Proposition 1.1.5.

In the above notations, it suffices to show that the functor ch;cff;r’fp sends each (ia,n)«(0z,.,) to a
compact object of Shvip, (Bung).

1.6.4. Consider the category

QCoh(Za,n) ® Shvniip (Bung).
QCoh(LSIg™tr)

We have a pair of QCoh(LS$*")-linear functors

((ia,n)* X Id) : QCOh(Za,n) %4 Sthﬂp(BunG) = Sthﬂp(Bung) : ((ia,n)! X Id)
QCoh(LSIg™tr)
1.6.5. Let
Peznahn : Shv(Bung) — QCoh(Za,n) ® Shvnip (Bung).
’ QCoh(LsrC.gstr)
be as in [AGKRRV1, Sect. 15.3.2]. Le., this is the left adjoint to forgetful functor

((fa,n )« ®Id) emb.Nilp
—

QCoh(Za,n) ® Shvniip (Bung) Shvnip(Bung) < = Shv(Bung),

QCoh(LSIgstr)
see [AGKRRV1, Corollary 13.5.4].
Unwinding the construction (see [AGKRRV1, Sect. 15]), we obtain that
Ll ((tam)+(024.,)) = ((ian)« @ Id)(PFY, (Poine)).

G,temp
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1.6.6. Now the object P (Poinc)*) is compact in QCoh(Za,n) ® Shvnip (Bung) (being
’ QCoh(LS‘"G?S”)

the value of a left adjoint on a compact object).

Finally, the functor (iq,,)« ® Id preserves compactness since it admits a continuous right adjoint.
O[Proposition 1.1.5]
1.6.7. Proof of Proposition 1.2.5. Note that
F!(Qcoh(legStr7 _) ~® F!(Z’CH (_)|Zcx)7
«@
while the functor
I'(Za,—) : QCoh(Z,) — Vect
can be written as
co}lim g{omQCoh(LSrGf‘S")((iaqn)*(oza,n% -)-

Thus, we can rewrite the composition

restr
Shvip(Bung) <5 QCoh(LSE™) 2257 Vet

as

colim Homshy g, (Bung) ((fa,n) (0740 ); L& coarse(—));
and hence by adjunction as
colim FOMShv iy (Bung) (L pommp © (fayn)« (070 ), =)
By Sect. 1.6.5, we can rewrite the latter expression as
co}lim Homshyyy, (Bung) (((zan)* ® Id)(Pez“a}‘m(PoinC!VEC))7 ,) ,
and further as

colim Homqcon(z,n) Shvirp (Bung) (Pezn;n (Poinc!™), ((ian)' ® Id)(—)) )

®
QCoh(LS‘SStr)
and again by adjunction
colim Homghy(Bung) (Poincgvac7 emb. Nilp o((ia,n)« ® Id) o ((zan)' ® Id)(f)) .

Since Poinc,?® is compact, the latter expression identifies with

Homshy(Bung) (Poinclvac,emb. Nilp (colim ((ian)s @1d) 0 ((iam) ® Id)(—))) .
The required assertion follows now from the fact that the natural transformation
@ colim ((ia.n ) @ Id) 0 ((ia.n)' ®Id) — Id

on Shviip (Bung) is an isomorphism.
O[Proposition 1.2.5]

1.7. Proof of Theorem 1.1.10. The proof will largely follow [GLC1, Sect. 2].

1.7.1. For the proof we will assume the validity of Theorem 1.1.7, which will be proved independently.

Assuming this theorem and using [GLC2, Sect. 2.2], we obtain that if M € Shvnip(Bung) is
compact, then
emb. Nilp(M) € Shv(Bung)

is bounded below.

restr

Hence, it is enough to show that the functor L 5.5 has a cohomological amplitude bounded on
the left, i.e., there exists an integer d such that LS s cc[—d] is left t-exact.
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1.7.2.  Choose a point x € X, and set

tr,rigid
LSrées T,rigid — legstr % ) pt,
pt/G

where LS$™" — pt /G is the evaluation map ev,.

According to [AGKRRV1, Theorem 1.6.3], the prestack LSgStr’rigidl‘ is a disjoint union of formal
affine schemes. In particular, the functor

F!(LSeres‘cr,rigidz7 _) . Qcoh(LSgstr,rigidm) — Vect

is t-exact and conservative.

1.7.3. Note also that we have a canonical isomorphism
Ty(LSE™ 8%, 77 () = TULSE™, evi (Re) @ (),
where:

N tr,rigid,, ;
e 7v denotes the projection LSrCf;S nree LSrgbtr;

e Rs € Rep(G) ~ QCoh(pt /G) is the regular representation.

Hence, we obtain that it is enough to show that the functors
Iy (LSE™, evi(V) ® Letarse (<)), V € Rep(G)°.

have cohomological amplitudes uniformly bounded on the left.

1.7.4. By Proposition 1.2.5, we rewrite the above functor as
(1.9) coeffV* o Hy (),
where Hy, is the Hecke endofunctor of Shv(Bung) corresponding to the chosen x and V.

We will show that the functors (1.9) (for V' € Rep(G)) have cohomological amplitudes uniformly
bounded on the left on all of Shv(Bung) (and not just Shvni, (Bung)).

1.7.5. Consider the tempered subcategory
Shv(Bung )temp & Shv(Bung)

as defined in [FR, Sect. 7] (using the choice of x € X). The embedding u admits a continuous right
adjoint, denoted u®.

The category Shv(Bung)temp carries a uniquely defined t-structure for which the functor u? is
t-exact, see [FR, Sect. 7.2].

Another key feature of this t-structure is that the Hecke functors Hy,, descend to Shv(Bung)temp
and are t-exact on it (for V € Rep(G)Y), see [FR, Theorem 7.1.0.1].

1.7.6. Note that since Poinc?® € Shv(Bung)temp, the functor coeff V¢ factors canonically as

coeffz/ac

R
Shv(Bung) = Shv(Bung)temp —s  Vect.
Hence, it is enough to show that the functors
coeffie, o Hy,e (=) : Shv(Bung )temp — Vect

have cohomological amplitudes uniformly bounded on the left.
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1.7.7. By the t-exactness of the Hecke action on Shv(Bung)temp, it suffices to show that the functor
coeff e+ Shv(Bung)emp — Vect
has a cohomological amplitude bounded on the left.
This is in turn equivalent to the functor
coeffV? : Shv(Bung) — Vect
having a cohomological amplitude bounded on the left, which is obvious.
O[Theorem 1.1.10]

2. PROOF OF THEOREM 1.3.9 IN CHARACTERISTIC 0

In this section we will show that when char(k) = 0, the functor

restr

Shvyip (Bung) < IndCOhNilp(LngS")
is an equivalence.

2.1. Constructible Betti geometric Langlands. In this subsection we take k to be the field of com-
plex numbers C, and we will work with the sheaf theory denoted ShvBet*-constr(_) of (ind-)constructible
Betti sheaves with coeflicients in an arbitrary field e of characteristic 0.

2.1.1. Let LSCBV;‘““‘reStr be the moduli space of local systems with restricted variation, defined using the

constructible sheaf theory ShyBettheonstr(_y

The material in Sects. 1.1-1.4 applies verbatim and we obtain a functor
]Lgetti,restr . ShVEief;i’COHStr(Bul’lG) N IndCOhNﬂp(Lsgetti’reSW)A
2.1.2. We claim:

Betti,restr :
Theorem 2.1.3. The functor L™ is an equivalence.

Betti t.
Proof. The above functor L™ "

Sect. 3.5.3].

is the same as the functor denoted by the same symbol in [GLC1,

Now the assertion follows from the validity of the full de Rham version of the geometric Langlands
conjecture (proved in [GLC5]) combined with [GLC1, Theorem 3.5.6].
O

2.2. Betti vs étale comparison. In this subsection we continue to assume that k = C, and we will
take e := Q,. We will work with two sheaf theories:

One is Shv®"(—) =: Shv(—) of (ind-)constructible Q,-adic étale sheaves, considered in Sect. 1.
The other is ShvBet™const(_y considered in Sect. 2.1 above.

We will show that the validity of Theorem 2.1.3 implies the validity of Theorem 1.3.9(ii) (for k = C).

2.2.1. Note that we have a fully faithful natural transformation between the sheaf theories
(2.1) (et — Betti) : Shv®"(—) — ShyPettheonstr(_)

that commutes with both !- and *- direct and inverse images, see [SGA4(3), Theorems XI1.4.4, XVI.4.1
and XVII.5.3.3].

At the level of compact objets (i.e., constructible sheaves) on affine schemes, its essential image is
characterized as follows:

Let F be an object of ShvBettheonstr(y)e and let Y, be a decomposition of ¥ into smooth locally
closed subsets, such that the restrictions (either *- or !-) of F to the strata are lisse. Consider the
individual cohomology sheaves H*(JF|y,, ) as representations V,; of m1(Ya) (for some chosen base point).

Then ¥ lies in the essential image of (et — Betti))y if and only if each V4 ; admits a 1 (Yo )-invariant
lattice with respect to O C E C Q, for a finite extension £ D Q.
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2.2.2. In particular, the natural transformation (2.1) induces a fully faithful functor
(et — Betti)Bung : Shv®* (Bung) — ShvP**<°"" (Bung),
which restricts to a (fully faithful) functor

t Betti, t
Shviip (Bung) — Shvyf " (Bung).

2.2.3. Recall that Theorem 1.1.7 has been proved for

Betti,constr
Shv '

Nilp (Bung) < ShVBetti,constr(

Bung)
in [AGKRRV1, Theorem 16.4.10]. Hence, it holds for
Shviiyp (Bung) < Shv®*(Bung)

as well.

2.24. Let

et,restr Betti,restr
LSy and LS

be the two versions of the be the moduli space of local systems with restricted variation.

The functor
(et — Betti)x : QLisse® (X) — QLisse(X)Bertheonstr

is symmetric monoidal, and hence induces a map between the corresponding moduli spaces

(22) (et — Betti)rs,, : LSS — LSZerhrestr

We claim:

et,restr
Sé

Lemma 2.2.5. The map (2.2) factors through an isomorphism from L to the disjoint union of

Betti,rest
some of the connected components of LSGe Lrestr

Proof. Follows from the description of essential image of the natural transformation (2.1) in Sect. 2.2.1,
see [AGKRRV1, Sect. 9.5.8].
O

Remark 2.2.6. An assertion parallel to Lemma 2.2.5 holds for any full symmetric monoidal subcategory
of Lisse(X)?.

2.2.7. Thus, we can regard
QCOh(LSg,restr) ® Shvgielt;i,constr(BunG)

QCOh(LSgetti’reStr)

as a full subcategory (in fact, a direct summand) of Shvﬁief;i’conm(BunG), and it is easy to see that the
functor

(et — Betti)Bung : Shv‘f\fﬂp(Bung) — Shvﬁff;i’cons“(Bung)

lands in it: this follows from the fact that this functor is compatible with the actions of QCoh(LS?res“),

Betti,restr
LS2

viewed as a direct factor of QCoh( on the two sides.

Similarly, direct image along (et — Betti)Ls,, is an equivalence

IndCohinp (LS ") = QCoh(LSE ") ® TndCohyp (LSE™).

QCoh<LSgctti,rcstr)
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Furthermore, it follows from Proposition 1.2.5 that we have a commutative diagram

(et—Betti)Bun . .
t G et,restr Betti,constr
Shvi, (Bung) QCoh(LS ) ® Shvyi, (Bung)
Betti,restr
QCoh(LSG )
Lgyrestrl Nlld ®Lgetti,restr
(et%Bettl)LSG

IndCohirp (LS ™) QCoh(LS& ™) ® IndCohnip (LS 7),

~ Qcoh(Lsgetti,restr)

in which the top horizontal arrow is fully faithful.

Hence, we obtain that the functor L™ is fully faithful. Thus, in order to prove that it is an
equivalence, it remains to show that the essential image of Lg, """ generates the target.

2.2.8. Write
]sz,restr — (]Lth,restr)red L (]Lth,restr)iHEd;
these are unions of connected components that correspond to reducible (resp., irreducible) local systems.

It suffices to show that the essential image of each of the corresponding functors

et,restr
Id ®]LG

QCoh((LS’rES“)red) ® . Shv'f:\fﬂp (Bung) -
QCoh(LSZ,”res )|
— QCoh((L&™**" )red) ® IndCohyirp (LSE ") o IndCohitp (LSE™ ™ )rea)
QCoh(Lsg’feS“)
and
1d ®Let,restr
QCOh((]Lth’reStr)i"‘Ed) ® ShVeNtilp (Bung) i}
QCoh(LSSG.t’reS“)
— QCoh((Lg ™ )irred) ® IndCohnitp (LSE ™) ~ IndCohnitp (LSE ™" )irrred)

QCoh(LSZ ')
generates its target category.

This is in turn equivalent to showing that the essential image of the each of the functors

et,restr

(2.3) Shvii, (Bung) “—  IndCohyip (LSS ™) ™5 IndCohyitp (LS5 )sea)
and

et,restr C
(2.4) Shviip(Bung) “—  IndCohyip (LSS ™) "™ =F" IndCohnitp (LSS irred)

generates the target category.

2.2.9. We first prove the assertion for (2.3). By induction on the semi-simple rank, we may assume
that Theorem 1.3.9(ii) holds for proper Levi subgroups of G.

Note that® by [AG1, Theorem 13.3.6], the union of the essential images of the functors
Eis™*"*° : IndCohnip (LSS, ™) — IndCohnip (LSS ™)

for proper Levi subgroups generates IndCohNup((LSer’res”)red), viewed as a full subcategory in
IndCohnip (LSE ™).

Hence, the required generation assertion follows from Theorem 1.4.6.

8In loc. cit. this is proved in the de Rham context, but the argument applies in any sheaf-theoretic context.
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spec

2.2.10. We now show that (2.4) generates the target category. Note that the functor u’
Sect. 1.3.1) induces an equivalence

QCOh((Lsg’res“)irred) — IndCOhNilp((Lsg’resn)irred).

(see

Hence, it is enough to show that the essential image of the functor

et,restr

ShvRinp (Bung) 5" QUoh(LSE ") """ QCoh((LSE ™ Jirrea)

generates the target category.

We will show that the essential image of the functor ngiifrge itself generates the target category.

First, we note that this functor is fully faithful (indeed, our situation embeds fully faithfully into the
Betti situation, where the functor in question is an equivalence). Hence, it is enough to show that its

.. . t,restr,L . .
left® adjoint, i.e., the functor Ly ™" is conservative.

G,temp

Note, however, that the diagram

et,restr,L
ShVCNtilp(BunG) LGitemp QCOh(LS‘g’rem)
(etﬂBetti)B\mGl y‘ft%Betti)Lsé
Betti,restr, L
Sthief;i’COrlstr(Bung) % QCOh(LSgetti,restr)

is commutative: indeed, the two circuits are compatible with the spectral action QCoh(LSg’rem)
(which we think as a direct factor of QCoh(LSZem’res”)) and send O get.restr to (the Betti version of)
e

s Vac
Poinc, Rip-

Since the right vertical arrow in the diagram is conservative, and the bottom horizontal arrow is an
equivalence, we obtain that the top horizontal arrow is conservative, as required.
O[Theorem 1.3.9(ii) for k = C]

2.3. Proof of Theorem 1.3.9(ii) for an arbitrary k of char. 0. The proof will use the Lefschetz
principle.

2.3.1. Note that if k1 C ko is an extension of algebraically closed fields of characteristic 0, for a
prestack Z; over ki and its base change Z2 to k2, the pullback functor

(2.5) Lisse(Z1) — Lisse(Z2)
is an equivalence, see [SGA1, Proposition XIII.4.3].
This formally implies that the pullback functor
Shv(Z1) — Shv(Z2)
is fully faithful.
Let N1 C T"(Z1) be a conical Lagrangian subset. It follows from (2.5) that the pullback functor
Shvy, (Z1) — Shva, (Z2)

is an equivalence.

2.3.2. In particular, for a curve X; defined over ki, and its base change X3 to k2, the map
LSE*(X1) — LSE™" (X2)

is an isomorphism (as prestacks over Q,).

9Note that without fully faithfulness, generation of the target is equivalent to the fact that the right adjoint be
consevative.
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2.3.3. Given the curve X over k, let k' be a countably generated field over which it is defined; denote
the resulting curve over k' by X’.

We obtain a commutative diagram

restr ’
Shyitp (Bung (X')) —¢— 2 IndCohnip (LS (X))

ngstr(x)

ShVNﬂp (BU.IIG (X) ) —_— IndCOhNilp (LSrG?Str (X)) .

Hence, the validity of Theorem 1.3.9(ii) over k is equivalent to its validity over k'.

2.3.4. Embedding ¥’ into C, we obtain that the validity of Theorem 1.3.9(ii) over k' is equivalent to
its validity over C. However, the latter has been established in Sect. 2.2 above.
O[Theorem 1.3.9(ii)]
3. THE SPECIALIZATION FUNCTOR

In this section we introduce a procedure that will allow us to deduce information about the Langlands
functor in characteristic p from its counterpart in characteristic 0.

This procedure essentially amounts to taking nearby cycles for a family of curves over a DVR.
3.1. Axiomatics for the functor.

3.1.1. Let k be an (algebraically closed) field of positive characteristic. Let Ro := Witt(k) be the ring
of Witt vectors of k, let Ko denote the field of fractions of Ry and let K denote the algebraic closure of
Ko. Let R denote the integral closure of Ry in K.

Given a (smooth complete) curve X over k, we can choose its extension to a (smooth complete)
curve Xg, over Spec(Ro). Let Xk be the base change of Xg, to K.

3.1.2. Notational convention. We will insert subscripts k, Rp or K into the corresponding geometric
objects in order to specify which situation we are working with.

A symbol without such a subscript (e.g., just Bung) means that the discussion applies to any of the
above situations.

3.1.3. Note that restriction along Xy — Xr, defines an equivalence
QLisse(Xr,) =~ QLisse(Xk).
Restriction along Xx — X, defines a fully faithful functor
QLisse(Xr) — QLisse(Xk).
From here we obtain an embedding
LS < LS

which identifies LSg?Sktr with the union of some of the connected components of Lngszr.
3.1.4. Consider the corresponding moduli stacks
Bungx and Bungi .
Consider the full subcategory (in fact, a direct summand)*°
Shviip (Bung k k) := QCoh(LSEL") ®  Shvnip(Bung k) C Shvip (Bung k).
QCoh(LSIS5r)

10vwe emphasize that there is no such object as Shv(Bung kk); only Shvniip(Bung kk)-



22 DENNIS GAITSGORY AND SAM RASKIN

3.1.5.  We will prove:

Theorem 3.1.6. There exists a functor

(3.1) SpPi sk © Shvip (Bung k k) = Shvip (Bung k)
with the following properties:

e (A) The functor Spk_, is a Verdier quotient.

o (B) The functor Spy_, intertwines the actions of QCoh(LSrG?ifr).

e (C) The functor Spg_,, sends Poinc!\fﬁﬁlp,K’k to Poinc!\fﬁcﬂp,k, where Poinc,\fﬁcﬂp’,(’k s the direct

summand of Poinc!\{ﬁfﬂp,K that belongs to Shvni,(Bung k)-

e (D) The functor Spy_,, makes the diagrams

SPK—k, M

Sthﬂp(BunM’K,k) ShVNilp(Bun]u,k)

EierJ/ lEis;k

S
ShVNup (BunG,K,k) ‘M_) ShVNilp (Bungk)

commute.

e (E) The functor Spy_, is t-exact.

This theorem will be proved in the course of Sects. 5-8. For the rest of this section we will assume
Theorem 3.1.6. We will derive some further properties of the functor Spy_,, of (3.1), as well as
consequences for the category Shvniip(Bung k) that follow from the above properties.

3.1.7. We claim that the functor Spy_,, of (3.1) preserves compactness.

Indeed, the validity of Theorem 1.3.9 for K implies that the category Shvnip(Bung k) has compact
generators of the form:

(i) € Poinc!\fﬁﬁlp’K,k, where € is a dualizable object in QCoh(Lngk”);
(ii) Eis, (Fam) for Far € Shvnip(Bunask.k)®.
Now, objects of the form
SPk k(€ * POiHC!Y?ICnp,K,k)
are compact in Shvip(Bung k) by Properties (B) and (C), and objects of the form
Spk ik (Eis; (Far))

are compact in Shvip(Bungk) by Property (D) and induction on semi-simple rank.

3.1.8. Note that combining with Property (A), we obtain:
Corollary 3.1.9. Objects of the form

(i) €= Poinc!\fﬁcﬂp’k, & is a dualizable object in QCoh(Lngfr);
(ii) Eis, (Far), Fur € Shvnip (Bunask)©

compactly generate Shvni, (Bung k).

Remark 3.1.10. Note that Corollary 3.1.9 is as an extension to positive characteristic of the main result
of [FR].

One can similarly show that objects of type (i) in Corollary 3.1.9 generate the tempered subcategory
Of Sthﬂp(BunM,k).
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Remark 3.1.11. We conjecture that the entire Shv(Bung,k) is generated by objects of the form:
(i) T % Poinc,?°, F € Rep(G)ran,
(i) Eis; (Fa), Far € Shv(Bunar)©.

We can prove this over a ground field of characteristic 0, but so far not over a field of positive
characteristic.

3.1.12. Proof of Theorem 1.1.7. We can now deduce Theorem 1.1.7 for k.
We need to show that compact generators of Shvnip (Bung k) are compact as objects of Shv(Bung k).
By Corollary 3.1.9, it suffices to show to show that the objects
& * Poinc,\fﬁcilpyk ~ Spr_,k (€ * Poincyﬁﬁlp’K,k)

and
Eis; (Fm), Fm € Shvnup(Bunask)©

are compact in Shv(Bung ).

For objects of the second type, this is clear by induction on the semi-simple rank, since the functor
Eis,” preserves compactness. Thus, it remains to deal with objects of the first type.

According to [AGKRRV1, Proposition 16.4.7], the validity of Theorem 1.1.7 (in a given context) is
equivalent to the fact that the compact generators of Shvnip(Bung) are eventually coconnective.

Hence, this property holds for Shvnip(Bung,k) by Sect. 2.2.3. In particular, the objects & %
PoincY&?lpyK’k are eventually coconnective. Now Property (E) implies that the objects

. Vac
Spr_i (€ * POlnC!,Nilp,K)

are also eventually coconnective.
O[Theorem 1.1.7]

3.2. Proof of Theorem 1.3.9(i). In this subsection we will show that the existence of the functor
Spk_,x with Properties (A)-(E) specified in Theorem 3.1.6 allows us to deduce Theorem 1.3.9(i) from
Theorem 1.3.9(ii).

3.2.1. First, note that the validity of Theorem 1.3.9(ii) for K implies that the functor LE%" induces
an equivalence

Shvnip (Bung k k) = QCoh(LSEY") & t)IndCohNﬂp(LSrgfér)f:IndCohNilp(LSr@eifr);
QCoh Lsngr

denote it by L&,

3.2.2. Set

(3.2) L = 8pk L o(LERW !, IndCohyip (LSERT) — Shviip (Bung k).
Note that it follows from Property (C) that

(33) LK 0w 2 LGN ke

3.2.3. We will prove:

Proposition 3.2.4. The functor ’Lgffktr’L is the left adjoint of Lg%

The proof will be given in Sect. 3.3 below. We proceed with the proof of Theorem 1.3.9(i). Assuming
the proposition, we will denote
Lgs’sktr,L = /]Lrsjfr,L.
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3.2.5.  As a formal corollary of Proposition 3.2.4 combined with Property (A), we obtain:
Corollary 3.2.6. The functor LE%" is fully faithful.

Thus, to prove Theorem 1.3.9(ii) it remains to show that the essential image of LrGC?,fY equals

IndCohniip (/Lsrc;?,slfr%

where ‘LS5 is the disjoint union of some of the connected components of LSS5 .

3.2.7. Since the functors involved are QCoh(LSgaslfr)—linear, we can work with one connected compo-

nent of LSrgsktr at a time. Le., we need to show that for a given connected component Z, of LSE3",

either the adjoint functors

(3.4) L&, : QCoh(Za) ® Shvyip (Bung ) = IndCohnip (Za) : L
Qcoh(Lsgfktr)

are mutually inverse equivalences, or the left-hand side is zero.

We consider separately the cases when a given connected component corresponds to reducible or
irreducible local systems.

3.2.8.  We start with the irreducible case. Note that the inclusion
u® : QCoh(Za) — IndCohnip(Za)
is an equality.
Hence, the composition
L&iea © Lka »
being a QCoh(Z4)-linear endofunctor of QCoh(Z,), is given by tensoring by a unital algebra object!!
Aa € QCoh(Za).
We need to show that either the unit map
(3.5) 0z, — Aa
is an isomorphism, or A, = 0.
By Barr-Beck-Lurie, the right adjoint in (3.4) identifies the left-hand side with
Aa-mod(QCoh(Za)).
By Corollary 3.2.6, the forgetful functor
(3.6) Aa-mod(QCoh(Za)) — QCoh(Za)
is fully faithful.

Let
i : pt = Za
correspond to the (unique) closed point of Zq.

Applying to (3.6) the operation Vect ® (=), we obtain a fully faithful functor
i%,QCoh(Za)

iy (Aq)-mod(Vect) — Vect .
This easily implies that either e — i (A ) is an isomorphism, or i};(As) = 0. The latter dichotomy

implies that one of the above two possibilities for A, itself must hold.

HThe algebra structure comes from the fact that Lgsktra o Lz;es;fl’f is a QCoh(Z4)-linear monad.
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Srgsktro be a connected component whose closed point

o is a semi-simple local system. Then there exists a unique conjugacy class of Levi subgroups M (see
[AGKRRV1, Sects. 3.6 and 3.7]) such that o factors via an irreducible M-local system o ;.

3.2.9. We now consider the reducible case. Let L

By induction on the semi-simple rank, we can assume that the assertion of Theorem 1.3.9(ii) is valid
for M. Let LS}V be the corresponding connected component of LS{.
keo ,

We consider the following two cases of the behavior of the functor (3.4) with G replaced by M and
2o 1= LS?SISKUM:
(a) It is an equivalence;
(b) The left-hand side is zero.

3.2.10. We claim that in case (a), the functor (3.4) for G and Z, := LSE5"  is an equivalence.

Indeed, it is enough to show that the essential image of Lgsk“a generates the target category. Note

that IndCohan(LSrgslfra) is generated by the essential images of the functors

Eis™*"*° : IndCohnip (LS}7 ) — IndCohnin, (LSEYY,)
for the parabolics in the given class of association.

Now the required assertion follows from Theorem 1.4.6 (for k).

3.2.11.  We claim that in case (b), the left adjoint in (3.4) for G and Za := LSEY" , is zero. This will
show that the left-hand side is zero (by Corollary 3.2.6).

By construction and Property (B), we can identify the functor in question with

SPk_k QCOh(LSrG’e?kt’ra) ® ShVNilp(BuncyK,k) — QCOh(LSrC??;’rU) ® . ShVNilp(BunG,k)-
QCoh(LSEST) QCoh(LSEST)

We will show that the above functor annihilates the generators. By Property (D), we have a
commutative diagram

Eis,” .
QCOh(LS?&StkrU B ) X ShVNilp(BunM7K,k) —_— QCOh(LSrG?TrU) ® ShVNilp (BunGvK,k)
TN QCon (LS 7" Qoon(LsigT)

SpK*)kJ' JVSPKHk

QCOh(LS;SIS,KUM) [024] . ShVNilp(BuIl]\Lk) —_) QCOh(LSrC?‘jf;) [024] . ShVNilp(BunG,k).
QCoh(LSIEEtr) Eis; QCoh(LSIS™)

We claim that the top horizontal arrows in these diagrams, taken for all the parabolics in the given
class of association, generate the target. This follows from the combination of:
(i) The fact that L{5%" is an equivalence;
(ii) Theorem 1.4.6 for K;
(iii) The corresponding fact on the spectral side.
Hence, it suffices to show that the anti-clockwise circuits in these diagrams vanish. However, this

follows from the fact that the lower-left corner vanishes (this is the assumption in case (b)).
O[Theorem 1.3.9(i)]
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3.2.12. Proof of Theorem 1.3.9(4ii). We need to show that in the notations of (3.4), the category
(37) QCOh(Za) X ShVNilp (BunGLn)
QCoh (LS5 )

is non-zero for every connected component Z, of LSrGesLt;.

restr

By induction, we may assume that the functor L& L., isan equivalence for n’ < n. In particular, it
is an equivalence for proper Levi subgroups of G = GL,. Hence, in the notations of Sect. 3.2.9 only
scenario (a) occurs. In particular, the category (3.7) is non-zero whenever Z, corresponds to reducible
local systems.

It remains to treat the case of Z, corresponding to an irreducible local system o. It is enough to
show that Shvwiip(Bungr,, ) contains a non-zero Hecke eigensheaf corresponding to o. However, this
has been established in [FGV, Gal].

O[Theorem 1.3.9(iii)]

3.3. Proof of Proposition 3.2.4.

3.3.1. Note that the functor 'Lgifr‘L preserves compactness (see Sect. 3.1.7). Hence, it is enough to
show that for

F € IndCohnip (LSEY") and M € Shvni, (Bung «)°,

there is a canonical isomorphism

(3.8) Homshy(Bung ) (ILE??.E“L (F),M) ~ j{omlndCohNilp(LSrG?S;Y) (T, ch?,slfr(M»

3.3.2. Consider the tempered quotients
uR : ShVNilp(BunG’k) = ShVNilp(Bungyk)temp ua

and
u?**" : IndCohnip (LSEY) = QCUoh(LSEY) : u™.

By construction, the functor L¢3 induces a functor

Lrge,sf;mp* : ShVNilp (Bungyk)temp — QCOh(L gifr)

such that

restr R restr spec,R restr
]LG,temp,k ocu = ]LG,ooarse,k ~u o ]LG,k .

str, L

,temp,k

and provides a left adjoint to cheff;mp*.

In particular, the functor L takes values in Shvnip (Bung k)temp (viewed as a subcategory)

3.3.3. By Proposition 4.5.2 below, the functor 'Lg’ifr’]“ induces a functor

"Lt QCoh(LSES) — Shvnip (Bung i) temp,

G,temp,k

so that

R _ Iy restr,L /7 restr,L spec,R
u’o Lo = Lo empk Ot .

From (3.3) we obtain that

/7 restr,L restr,L
]LG,temp,k = ILG,temp,k’

In particular, we obtain that the functors

(3.9) L& empik * Shvniip (Bung k)temp = QCoh(LSEY") + LS,

do form an adjoint pair.
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3.3.4. Consider the maps

(3.10) HomShv(BunG,k)(/I[Jgfifr’L(?), M) = Homshy g, (Bung ) (ufo 'chefk"’L(ff), uf(M)) =

temp

— It restr,L spec,R R adjuncsi?n (3.9)
- %OmShVNilp(B“nG,k)temp( ]LG,temp,k ou (EF), u (M)) ~

= }ComQCoh(LS"G?sk“)(uspecyR(?)’ ]LrG?,Sttémp,k o UR(M)) =

= g{ochomLsgsktr)(uspeC’R(ﬁr% u o ]ch?slfr(M)) A j{OmlndcohN”p<Ler?Sktr>(?7 Lgsktr(M))

In order to establish (3.8), it suffices to show that the first and the last arrow in (3.10) are isomor-
phisms.
For the last arrow, this follows from the fact that the functor LrGefﬁr sends compact objects to even-

spec,R

tually coconnective objects (by construction), and the functor u is fully faithful on the eventually

coconnective subcategory.
For the first arrow, since Lrgjfr‘L(?) is compact (see Sect. 3.1.7), the assertion follows from the next
lemma:

Lemma 3.3.5. The restriction of the functor u® to Shvni,(Bung k)¢ is fully faithful.

Proof. Repeats verbatim the proof of [GLC1, Proposition 5.2.3].
O

O[Proposition 3.2.4]

3.4. An alternative proof of Theorem 1.3.9(i) and Proposition 3.2.4. This proof will use an
additional property of the functor Spy_,,, given by Remark 7.4.3.

3.4.1. Let
"L+ IndCohnin (LSES) — Shvaip (Bung k)
be defined as in (3.2).

We already know that this functor preserves compactness and by Property (A) of the functor (3.1),
it is a Verdier quotient. IL.e., the functor 'ngfr’L admits a QCoh(LSE5")-linear fully faithful right

adjoint. Denote it by 'Lrgejfr (note, however, that we do know yet that ']cheifr is isomorphic to ]ch?ﬁfr)

We wish to show that ‘L5 is an equivalence onto a direct summand of IndCohni, (LSE}") corre-

sponding to the union of some of the connected components of LSrGeslfr.

3.4.2. Inspecting the argument in Sects. 3.2.7-3.2.11, we see that the only place where we used that
Lg% = Lg% was in case (a) in Sect. 3.2.10. We provide an alternative argument as follows:

str, L . .
It suffices to prove that the functor 'L&5" |IndCohygy, (Lsrestr ) 18 conservative. In other words, we
) G ko

wish to show that in case (a) the functor

(3.11) Spy_,, : QCoh(LSEY",) ® Shv(Bung k k) — QCoh(LSEY",) ® Shv(Bung )
QCoh(LS"gi“) QCoh(Lsgf:r)

is conservative.

According to Remark 7.4.3, we have commutative diagrams

QCOh(LS™S ) @  Shv(Bunaky) —=2% QCoh(LSEY )  ®  Shv(Buna)
77 QCoh(LsesT) 777 QCoh(Lsig)

(3.12) CT:T TCT;

QCoh(LSEY™) ® Shv(Bung k) —25=k, QCoh(LSEY" ) ® Shv(Bung ),
77 QCoh(LSEST) 77 QCoh(LSEST)

where CT, denotes the constant term functor.
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Now, the validity of GLC over K implies that the direct sums of the functors CT; over the parabolics
in the given class of association (i.e., the left vertical arrow in (3.12)) is conservative.

By induction on the semi-simple rank we can assume that the top horizontal arrow in (3.12) is
conservative.

Hence, the bottom the top horizontal arrow in (3.12) is also conservative, as desired.
O[Theorem 1.3.9(1)]

3.4.3. We now give an alternative argument for Proposition 3.2.4. Namely, we wish to show that
'LEW = LE%". We will show that ‘L% satisfies the two conditions of Corollary 1.3.6.

We already know that 'Lg%" induces an equivalence
Shvnip (Bung k) — IndCohyip (' LSE™).

In particular, it sends compact objects to compact (and, in particular, eventually coconnective) ones.

Hence, 'LE%" satisfies condition (i) of Corollary 1.3.6.

Condition (ii) follows by passing to right adjoints from (3.3).
O[Proposition 3.2.4]
4. PROOF OF THEOREM 3.1.6

In this section we begin the proof of Theorem 3.1.6. Namely, we will construct the functor Sp and
establish Properties (B)-(E).

Property (A) will be dealt with in the next section.
4.1. Construction of the specialization functor.

4.1.1. Let Yr, be a scheme or algebraic stack over Rg. Our goal is to define a functor
(4.1) Stk : Shv(Yk) — Shv(Yx).

Denote ) )

Spec(k) = Spec(R) < Spec(K).
We will use the same symbols i and j for the corresponding maps
Yk — Yr Yk

Euphemistically, the functor Spy_,, is given by

(4.2) i* 0 js.

Note, however, that Spec(R) is non-Noetherian. In what follows we will rewrite the definition of
Spk_,« in terms of functors that only use algebro-geometric objects of finite type.

4.1.2. First, covering Yr, smoothly be (affine) schemes, it is sufficient to define Spy_,, for Yr, = Sry,
where SR, is an affine scheme of finite type over Rg, provided that it commutes with pullbacks along
smooth maps Sg, — Sk,

Second, since Shv(Sk) is by definition the ind-completion of Shv(Sk)¢, it suffices to define Spy_,, as
a functor Shv(Sk)® — Shv(Sk)°.

Third, by the definition of Shv(—)¢, this category is the colimit of Shv(—)%, over Q; C E C Q,, where
E is a finite extension of Q.. Hence, it suffices to define Spy_,, as a functor Shv(Sk)% — Shv(Sk)%.

Fourth, by the definition of Shv(—)F%, it is obtained as the localization with respect to £ of Shv(—)g .
Hence, it suffices to define Spy_,, as a functor Shv(Sk), — Shv(Sk)6 -

Finally, by the definition of Shv(—)g,, it is obtained as
lirlin ShV(—)%E/£n7

where the limit is taken in the co-category of non-cocomplete DG categorries.
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Hence, it suffices to define Spy_,, as a functor

(4.3) Shv(Sk)6 /en — Shv(Sk)o 5 /en-

4.1.3. Note that
Shv(Sk)6 ,,/en = coKl,im Shv(SK(rJ)ng/zn,
(0]

where:

e The colimit is taken in the co-category of non-cocomplete DG categorries;
e The index category is the poset of finite extensions K{, D K.

We proceed to define the corresponding functors

(4.4) SPK(’)Hk : ShV(SKg)?)E/Z" — ShV(Sk)ng/gn.

4.1.4. Let R} denote the integral closure of Rg in K{. Consider the diagram

b — Yry o Uk
Spec(k) ——— Spec(Ry) +——— Spec(Kjp).

We define (4.4) to be the nearby cycles functor W.

4.1.5. Note that, by construction, the composition

pullback
—

Shv (Y, ) Shv(Yx) “2E3* Shv(Ys)

is the usual nearby cycles functor
W : Shv(Yk,) — Shv(Yw).

4.1.6. We record the following properties of the functor (4.1):

(1) It is t-exact;
(2) It sends constructible!? objects in Shv(Yk) to constructible objects in Shv(Yk);
(3) For Yr, = Y&, X Y&, and F; € Shv(Yk), we have

(4.5) SPkk(F1 B F2) = Spy_,, (F1) B Spy i (F2).

(4) For a map f : ‘é,lqo — H?{O we have the natural transformations

(4.6) (fi)r © SPk—k = SProk ©(fk)ts SProk o(f)« = (fi)« © SPk i
and

(4.7) (£i)" © Pk = S o(fi)”s SPrio(fie) = (fi) @ Spy
where f (resp., fk) denotes the fiber of f over Spec(k) (resp., Spec(K)).

(5) The maps (4.6) are mutually inverse isomorphisms when f is proper and the maps (4.7) are
mutually inverse isomorphisms (up to a shift by the relative dimension) when f is smooth.

12Constructible::pullback to an affine scheme by means of a smooth morphism is constructible (i.e., compact).
Note, however, that for stacks “constructible” does not imply “compact”: the obstruction is (i) non-quasi-compactness
of the stack and (ii) non-trivial stabilizers.
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(6) It commutes with Verdier duality on constructible objects

(4.8) Dy, (SPk—k(F)) 2= Spric(Dyy (F));

moreover, for an object F € Shv(Yk )", the following diagram commutes

Spr_k(F) B Dy, (Spk—k(F)) m SPr_k(F) B Spg ik (Dyy (F))

(4.9) T T
(A‘dk)!(gyk) —— SPr_sk O(AHK)!(QEK)v

where:

e The symbol Spy_,, in the bottom-right corner refers to the functor (4.1) for Yg, X  Yry;
Spec(Ro)

e The bottom horizontal arrow comes from the identification egq. ) =~ SPr_k(€spec(k)) and
the natural transformation

(Aldk)! © ﬂ_;k © SpK—»k - SpK—>k O(A‘ék)! © TI—;K
where my_ : Y_ — Spec(—) is the relevant structural map.

Remark 4.1.7. Suppose « : F — G is a morphism of constructible sheaves. From (4.9) we obtain a
tautological commutative diagram

Spic4(9) BBy, (Spk (%) gy SPko(S) By (B (9)

(4.10) T T
(Aﬂk)!(gyk) — SpKako(A‘JK)!(QyK)'

In this formulation, there is some additional homotopy coherence to note. Each term of (4.10) can
now be considered as a functor from TwArr(Shv(Yk))“™™, the twisted arrow category of constructible
sheaves, to Shv (Y X spec(k) k). Then the more functorial assertion of (6) is that there is an commutative
square of functors (4.10).

4.1.8. The following observation will be used in the sequel:

Lemma 4.1.9. Let f : Yr, — Zr, be a map of algebraic stacks over Spec(Ro). Let Fyr, € Shv(Yr,)
be ULA over Zr,. Then for any Fz € Shv(Zk), the naturally defined map

Ty ® (L 0 Spru(92)) = SPk Ty @ i (T2))
is a isomorphism, where Fy  (resp., Fy k) denotes the *-restriction of Fyr, to Y« (resp., Yx)
Remark 4.1.10. Note that when Zr, = Spec(Ro), the ULA condition simply means that
®(Fyr,) =0,
where @ is the vanishing cycles functor.
In other words, this is equivalent to the map
Fy k= Spxk(Fy k)
being an isomorphism.
4.1.11. In what follows we will study the resulting functor

(4.11) SPk_k : Shv(Bung k) — Shv(Bung k).

4.2. Specialization and Hecke functors.
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4.2.1. Consider the version of the Hecke stack over Spec(Ro):

—

Bungr, <L Heckex r, L} Bungr,
ls
XR,-
For an irreducible representation
V* € Rep(G), Ae AT,

let
SatX'gr, (V") € Shv(Heckex gr,)
be the object!?

We claim:
Theorem 4.2.2. The object Sat¥'g, (V) restricts to Sat¥ (V) and Sat¥',(V?), respectively, and is
ULA over Bungr, X Xg, with respect to either of the projections.
Spec(Ro)
We will prove this theorem in Sect. 6.1.
4.2.3. For a finite set J, consider the corresponding J-legged Hecke stack:

“— —

Bung e‘h—‘ Hecke x5 hh—% Bung
ls
X7
As in the usual geometric Satake theory, Theorem 4.2.2 allows us to construct a family of functors
(4.12) Satys g, Rep(3)® — Shv(Hecke xs g, )-
Moreover, the essential image of the functor (4.12) lies in the full subcategory of Shv(Heckeys g )
that consists of objects that are ULA over Bung R, (in fact, over Bung g, SpeéRg)X’gO).

4.2.4. Consider the Hecke functor

Hy : Shv(Bung) — Shv(Bung x X7), (ﬁ X $) (ﬁ*(—) ® Sat')‘("g(V)> .V eRep(@)®.

The functors (4.12) give rise to natural transformations
(4.13) HV,k o SpK—yk — SpK—>k OHV,K
as functors
ShV(BuIlGYK) — ShV(BunG,k XXE)
We claim:

Proposition 4.2.5. The natural transformations (4.13) are isomorphisms.

13The cohomological shift [—2] in the formula below is designed in order to offset dim(X) + dim(Ro).
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Proof. The map
Z X s : Heckeys — Bung x X’

is proper, hence

— —

(h X $)10Spk_yk = Spr_sk o(h X s)i
is an isomorphism.

Now, the natural transformation
(™ (=) & Sats (V) 0 Spiic = 8Py ol(h (=) & Sats (V)

is also an isomorphism by Lemma 4.1.9 and the ULA property of the objects Satys . (V).

X7,Rg
O
4.2.6. The functors Sat%}; Ry J € fSet make the following system of diagrams of functors commute:
S Sat;‘(" 1 Ro
Rep(G)®"t ———— Shv(Heckeys, g )
(4.14) Rep@;wl lAE
] Sat;’Jz Ro
Rep(G)®72 Shv(Hecke x5 g )

for ¢ : 31 — J2, where:
e The left vertical arrow is induced by the symmetric monoidal structure on Rep(é);
e The map Ay is (the base change of) the diagonal map X2 — X1,

This leads to a system of commutative diagrams of functors
([dBung xA¢)" 0 HykoSpy_y — (idBung XAs)" 0 Spy_, 0 Hyvk

HRes, (V) k © SPik — SPK_sk © HRes, (V) K
which also depends functorially on V' € Rep(G)®”.
4.3. Compatibility with Beilinson’s projector.

4.3.1. Recall Beilinson’s projector, denoted P, which is an idempotent acting on Shv(Bung) with
essential image Shvni, (Bung), see [AGKRRV1, Sect. 13.4].

We will denote by Py (resp., Pk) the corresponding endofunctor of Shv(Bung k) (resp., Shv(Bung,k)).

Let now Pk be a version of Pk, where in we take I'i(L r&i", —) instead of I'i(L TGE;”, —). This is
an idempotent endomorphism of Shv(Bune k), equal to the composition of Pk and the projection onto
the direct summand

ShVNilp(BunG,K,k) C ShVNilp(BunG,K).

4.3.2. We claim:
Proposition 4.3.3. There exists a canonical isomorphism
SpK*}k OPK,k ~ Pk o SpK%k .

Proof. By construction (see [AGKRRV1, Sect. 13.1.11]), the functor Pk is the colimit of functors Fy,
I € fSet, each of which is the composition of functors of the following form:
e (a) Hy, : Shv(Bung) — Shv(Bung x X7T) for Vi € Rep(G)®7;
e (b) (=) ®Ev(V/) : Shv(Bung xX') — Shv(Bung xX') ® QCoh(LS$™"), where:
— V/ € Rep(G)®';
— Ev(V/) € QLisse(X") ® QCoh(LS%*™) is the tautological object corresponding to V7.

o (c) @Y (LSEY, —).
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The functors in (a) commute with Spyk_,, by Proposition 4.2.5. The functors in (b) commute with
Spk_,x by Lemma 4.1.9. The functors in (c) commute with Spy_,, tautologically.
g

Remark 4.3.4. For future use we remark that both Proposition 4.2.5 and 4.3.3 remain valid if instead
of Bung,r, we consider

Bungr, X Yre,
Spec(Rp)

for some stack Yr, over Spec(Rp). The proofs remain the same.
4.3.5. From Proposition 4.3.3 we obtain:
Corollary 4.3.6. The functor (4.11) sends
Shvnip (Bung,k,k) C Shvyip (Bung k)
to
Shvnilp (Bung,k) C Shv(Bung k).

Remark 4.3.7. Note that Proposition 4.3.3 implies that the functor (4.11) sends all of Shvyi;p (Bung k)
to Shvnilp (Bung k), while killing the direct summands of Shvnip(Bung k) that are supported off
LSE" C LSEY
This follows from the fact that the functor Pk x applied to Shvnip(Bungk) acts as a projector on
Sthup(BunG,K,k).

Remark 4.3.8. One can also prove that the functor (4.11) sends Shvyip(Bung k) — Shvip (Bung, k)
as follows:

It follows from [AGKRRV1, Theorem 14.4.3] that the subcategory
Shvniip (Bung) C Shv(Bung)
can be characterized as follows: it consists of those objects F € Shv(Bung) for which for every V €
Rep(G) the object
Hy (F) € Shv(Bung xX)
belongs to the full subcategory**
Shv(Bung) ® Shv(X) C Shv(Bung xX).
Now, this property is preserved by the functor Spx_,, by (4.5).

4.3.9. Thus, thanks to Corollary 4.3.6 we obtain the functor (3.1).

Note that the functor (3.1) satisfies Property (E) from Sect. 3.1.4 holds. In fact, the functor Spy_,,
is t-exact by Sect. 4.1.6.

4.3.10. We are now ready to establish Property (B) (from Sect. 3.1.4). Indeed, it follows from Propo-
sition 4.2.5, since the spectral action is determined by the Hecke functors (see [AGKRRV1, Corollary
12.8.4(b)]).

4.4. Properties (C) and (D) of the specialization functor.

4.4.1. Note that the construction in [GLC1, Sect. 3.3] (see Sect. 7.1.1 below for a review) makes sense

over Rop, and produces an object

Poinc) g € Shv(Bung ).

In Sect. 7.1 we will prove:

Theorem 4.4.2. The object Poinc)s’ is ULA over Spec(Ro).

14In [AGKRRV1, Theorem 14.4.3], this is formulated as belonging to Shv(Bung) ® qLisse(X) C Shv(Bung x X);
however, the apparently weaker condition of belonging to Shv(Bung) ® Shv(X) is equivalent to this stronger condition:
objects in the essential image of Hy are ULA over X, and any object in Shv(Bung) ® Shv(X) that is ULA over X lies
in Shv(Bung) ® qLisse(X).
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4.4.3. By combining Theorem 4.4.2 with Proposition 4.3.3 and Lemma 4.1.9, we obtain Property (C).
4.4.4. Consider the stacks
]' —
Bunp- g, < Bunp- g,
and the projection
q BunPiR0 — Bunpr, -

In Sect. 6.3 we will prove:

Theorem 4.4.5. The object
j!(gBunP_ R ) € Shv(BunP*,Ro)
0

is ULA with respect to the projection q~ .
4.4.6. By combining Theorem 4.4.5 and Lemma 4.1.9 we deduce Property (D) of (3.1).

4.5. Specialization and temperedness. In this subsection and formulate and prove a property of
the functor Spy_,, that describes its interaction with the temperization functor.

4.5.1. We claim:
Proposition 4.5.2. The functor
SPk_k : Shv(Bung k) — Shv(Bung,k)

induces a functor
Shv(BunG’K)tcmp — Shv(BunG,k)tcmp
so that the diagram

Shv(Bungk) —2¢%  Shv(Bunc.y)

“Rl l“R

Shv(Bung k)temp — Shv(Bung k)temp
commutes.

We will give two proofs of this proposition.

4.5.3. First proof. Let x € X be a chosen point (which we use to define Shviip(Bung)temp) and let
Sph(G). is the spherical Hecke category at = (see [GLC2, Sect. 1.5]).

Recall (see [AG1, Sect. 18.4]) that the colocalization
u” : Shv(Bung) < Shvyilp (Bung )temp : u
can be characterized in terms of the action of the monoidal category

IndCohniip (pt x pt / Ad(G))
a
on Shv(Bung), obtained as a composition of the derived Satake equivalence
SPh*P((3), = IndCohnirp (pt x pt / Ad(()) "~ Sph(G).
a

and the natural action of Sph(G), on Shv(Bung) by Hecke functors.

Thus, in order to prove Proposition 4.5.2, it suffices to show that the functor Spy_,, intertwines the

actions of Sph*°°(G), on Shv(Bung k) and on Shv(Bung k), where we let = be a section Spec(Ro) —
Xr,.

By construction, the functor
SPk_k : SPh(G)z,k — Sph(G)a k
intertwines the action of Sph(G)z,k on Shv(Bung k) with the action of Sph(G)a,x on Shv(Bung,k).
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Hence, it remains to show that the endomorphism ¢ of Sph*?*°(G), that makes the following diagram
commute

SphSpeC(G)z ¢ Sphspec (G)z

Satg l ~ NlSatG

Sph(G)ak  —PE2%,  Sph(G)ex

’

is actually an automorphism.

We note that ¢ has the following properties:

e [t is monoidal;
e [t makes the diagram

Rep(G) —d ., Rep(Q)

! !

SphSpec(é)z ¢ SphSpec(G)z

commute (this follows from Theorem 4.2.2);
e It induces the identity map on endomorphisms of the unit object
< e} ¢ < G
Sym(§[—2])" >~ Endgppspec(c), (Lgphepee (), ) = Endgppspec(c, (Lgphspee(a, ) = Sym(§[—2])".
The third points follow from the fact that the composite

* . Spk—s
Sym(t'[~2))" > C'(pt /Gk) =~ Endspn(), « (Lsph(c, )
— Endsph(G)z,K(lsph(G)m,k) ~ CA(pt /Gk) ~ Sym(t*[—Z])W

is the identity map, while the identification Sym(g[—Q])G =~ Endgpyspee (), (Lgpnspee(c, ) €quals
Sym(g[—2])“ = Sym({-2))" ~
« w Satg
~ Sym(t'[-2])" = Endsph(c). (Lspn(e),) = Endsppepeca), (Lspnepee(q), )-
We now claim:

Lemma 4.5.4. Any endomorphism of Sph**°(G), that has the above three properties is an automor-
phism.

The proof of the lemma is given in Sect. 4.5.6 below.
O[First proof of Proposition 4.5.2]

4.5.5. Second proof. We have to show that the functor Spy_,, sends

llR
ker(uR) : Shv(Bung,k) — Shv(Bung k)semp
to
LIR
ker(u™) : Shv(Bung ) — Shv(Bung k)semp-
Recall the characterization of the kernel of
R
Shv(Bung) <, Shv(Bung )temp
in [FR, Sect. 4.3].

The required assertion follows from the fact that the functors involved in this characterization
commute with Spy_,,.
O[Second proof of Proposition 4.5.2]
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4.5.6. Proof of Lemma 4.5.4. We rewrite
Sph*P*(G), ~ Sym(@[—Q])-modé.

Using the first two properties, we can de-equivariantize both sides, i.e., apply Vect ®C; —, and
Re
obtain a functor ~ P
Sym(§[—2])-mod % Sym(§[—2])-mod

with the following properties:

o [t is G‘-equivariant;

e It sends Sym(§[—2]) € Sym(g[—2])-mod to itself;

e [t makes the diagram

Sym(g[—2])¢ —4, Sym(g[—2])¢
Sym(a[—2]) Sym(a[—2])
Endsym (5[ 2))-mod (Sym(§[—2])) —, Endsym(g[-2)-mod (Sym(§[—2]))

comimute.

It suffices to show that the bottom horizontal arrow in this diagram is an isomorphism. This arrow
is a map of algebras, hence is determined by a map of vector spaces.

§[—2] = Sym(g[-2]).

The grading forces the latter map to come from a map of vector spaces § — §. By G-equivariance,
the latter map acts as a scalar on each simple factor.

However, the commutation of the above diagram forces this scalar to be 1.
O[Lemma 4.5.4]

5. PROOF OF PROPERTY (A)
The goal of this section is to establish Property (A) of the functor (3.1).
5.1. The key input.
5.1.1. Consider the object

(5.1) (AB‘JDG.RO )!(gBunG R ) c Shv(BunG,Ro X BunG’RO).
' o Spec(Ro)

5.1.2. The key input in the proof of Property (A) is provided by the following result:
Theorem 5.1.3. The object (5.1) is ULA over Spec(Ro).

The theorem will be proved in Sect. 6.4. We now proceed with the proof of Property (A).
5.1.4. Combining Theorem 5.1.3 with Lemma 4.1.9, we obtain:
Corollary 5.1.5. The natural map

(ABung 1)1 (€Bung ) = (ABung )1 © SpKHk(gBunG’K) — SPk_k O(ABUDG,K)!(QBunGYK)

s an isomorphism. |

Using the commutation of specialization with Verdier duality, from Corollary 5.1.5 we obtain:
Corollary 5.1.6. The canonical map

SPK ok ©(ABuncs )+ (@Bung ) = (ABung )+ © SPkk(@Bung ) = (Abung )+ (WBunc )

is an isomorphism.
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5.2. Harder-Narasimhan strata.

5.2.1. Recall the notion of contractive locally closed substack, see [DG1, Sect. 5.2.1].
For 6 € Ag , let
Bun(GSB) C Bung
be the open union of Harder-Narasimhan strata, as defined in [DG1, Sect. 7.3.4].

The main technical result of the paper [DG1], proved in Sect. 9.3 of loc. cit., says that for all 6
large enough and 6’ > 6, the (locally) closed substack

Bun(GSM - Bunge) - Bungw
is contractive.
The proof of this result applies equally well in the relative situation over Spec(Ro).

5.2.2. Let § < 6’ be as above and consider the corresponding open embedding

Jo,or Bun(GSQ) > Bungg/) .

We are going to prove:
Proposition 5.2.3. The natural transformations

(76,6")1 © SPk ok = SPkk ©(J6,0/ )1
and
SPk—k ©(20,67 )« = (J0,6")+ © SPK_k
are isomorphisms.
Proof. We will prove the first isomorphism, as the second one is similar.

It is enough to prove the assertion after applying pullback with respect to a smooth surjective map.
Hence, by the definition of contractiveness, it is enough to prove the more general Proposition 5.2.5
below.

d

5.2.4. Let Yr, and Zgr, be as in [DG1, Sect. 5.1.1]. Denote
Ury = Yry — ZRy < Yro -
Proposition 5.2.5. The natural transformation

J1 0 SPr i = SPksk O
is an isomorphism.
Proof. Let + denote the closed embedding Zr, — Yr,. It is enough to show that the natural transfor-
mation
(5.2) " 0 Spk_ —* SProk 0t
as functors Shv(Yx) — Shv(Zk), is an isomorphism.

As in [DGI, Sects. 5.1.3-5.1.5], we can assume that'® Z = pt /G, x Z and Y = A" /G,,, x Z for some
base Z, where G,, acts on A" via the mth power of the standard character, where m > 0. Further,
applying blow-up (see [DG1, Sect. 5.1.6]), we can assume that n = 1.

It is enough to prove that the map (5.2) is an isomorphism on the generators. We take the generators
to be of the form
(fm)«(Fpr) W Tz,
where

o f, is the “raising to the power m” map A’ — A';

151 the formulas below, pt := Spec(Rp), and similarly for A' and G,,.
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e ¥, € Shv(2),
e F,1 € Shv(AN)®™ is either dp a1 OT €x1.

In the above cases, the fact that (5.2) is an isomorphism is evident.

5.3. Specialization for the “co”-category.

5.3.1. Recall the category Shv(Bung)co, see [AGKRRV2, Sects. 2.5 and C.2]. By definition,

Shv(Bung)co =~ colim Shv(Bun(Gﬁf’))’
oAt

Q
where the colimit is taken with respect to the functors (7g,¢/)s.
From Proposition 5.2.3 we obtain that there exists a well-defined functor

(5.3) Spik : Shv(Bung k)eo — Shv(Bung «)co

that makes the following diagrams commute

Shv(BunQK)co SLIHL) Shv(BunG,k)Co
(5.4) (Je)co,*T Tm,)co,*
Shv(Bung) 25, Shy(Bunl)),

where:

e j9 denotes the open embedding Bun(GSg) — Bung;
® (J0)co, denotes the corresponding tautological functor ShV(Bun(GSG) ) = Shv(Bung)eo (not to
be confused with (7)« : Shv(Bunge)) — Shv(Bung).

5.3.2.  Moreover, the following diagram commutes tautologically

ShV(BunG,K)CO M ShV(BunG’k)co
(55) lPs—Id“v lPs—Idr‘v
Shv(Bung k) M Shv(Bung k),

where
Ps-Id™ : Shv(Bung)co — Shv(Bung)
is as in [AGKRRV2, Sect. C.2.3].

5.3.3. Recall that for F € Shv(Bung)®, its Verdier dual is well-defined as an object

]D)BunG (?) S Shv(BunG)Co.

The commutation of specialization with Verdier duality implies that for F € Shv(Bung,k)® we have
a canonical isomorphism

(5.6) Spf(:k(DBunc,K (3) ~ DBunc,k(SpKﬁ»k(?))

as objects in Shv(Bung k)co-
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5.3.4. We now consider the “mixed” category
Shv(Bung x Bung)cos
defined in [AGKRRV?2, Sect. C.4.2].

By definition,

Shv(Bung x Bung)co, = colirB Shv(Bung x Bun(GS’:Z))7
0enS

where the colimit is taken with respect to the functors (id X g6/ ).
According to [AGKRRV2, Sect. C.4.3], the functor
(5.7) Shv(Bung X Bung)co, — lilr(n Shv(U x Bung)co

is an equivalence, where:

e U runs over the poset of quasi-compact open substacks of Bung;
e For U C W, the functor Shv(U’ x Bung)eo — Shv(U X Bung)eo is given by restriction.

The discussion in Sect. 5.3.1 applies equally to the mixed situation.
In addition, we have a tautologically defined functor
Ps-I1d™ : Shv(Bung X Bung)co, — Shv(Bung x Bung)

and the corresponding counterpart of diagram (5.5) commutes.

5.3.5. We will consider the corresponding functor

Spr 2y : Shv(Bung k X Bung k)co, — Shv(Bung k x Bung k)cos -

5.3.6. Recall now the object
(ABunG)gnC(WBunG) € Shv(Bung x Bung)co,,
defined in [AGKRRV?2, Sect. C.4.6].
In terms of the equivalence (5.7), the restriction of (ABunc)iinc (wBung ) to a given U x Bung is
(id XJ)co, © (Aw)«(wr), 7:U — Bung.
We have

PS'Ing((ABunG )iine (WBunG )) = (ABunG )* (wBunG )7
as objects of Shv(Bung x Bung).

5.3.7. We are going to prove:

Proposition 5.3.8. There exist a unique isomorphism

(5'8) Sp?jk ((ABUHG,K)gne(wBunc,K)) = (ABU"G,k)gne(wBunc,k)
as objects of Shv(Bung k X Bung k)eco, that makes the diagram

Ps-1d™ o Spy3 ((ABU“G‘K )ime (WBUDG,K )) (5—N8)> Ps-Id™ O(ABunG,k)gne (wBunG,k)

Nl lN

SpK*}k O(ABHI‘G,K)*(wBunc,K) — (ABunc,k)*(wBunG,k)

Corollary 5.1.6

commute.
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Proof. Using the equivalence (5.7), we have to show that there exists a unique family of isomorphisms

co fine fine
(5'9) SpKik ((ABUUG,K)* (WBHDGTK)) |uk><Bu“G,k = (ABUDG,k)* (wBunGTk)|ukXBunG‘k
as objects of Shv(Ux X Bung )eco, compatible via Ps-Id™ with the isomorphism

SPrk ©(ABung i)+ (WBung ) (W xBung = (ABung i) (WBung i) [toxBung s

induced by the isomorphism of Corollary 5.1.6, where U runs over the poset of quasi-compact open
substacks of Bung.

We can replace the poset of all U by a cofinal one that consists of the substacks Bun(GSg) for 6
sufficiently large.

The left-hand side in (5.9) is by definition
(5.10) SPr 3k 0(id X 90)co,x 0 (Ap (<0))«(wp (<

0
Bun gy G.K

Using (5.4), we write it as

(5.11) (id X 79) co,« (SpKﬁk O(ABun<se>)*(wBun<se>)) :
G,K G,K
The right-hand in (5.9) is
(5.12) (id X 20) co, « ((ABUH(SQ))*(WBHD(SB))) .
Gk Gk

By Corollary 5.1.6, the expressions in (5.11) and (5.12) become isomorphic after applying the functor
Ps-1d™ : Shv(Bungf) x Bung i)co — Shv(Bungf) x Bung ).

Now, the required assertion follows from the fact that the functor Ps-Id"" is fully faithful on the
essential image of

(id x76)co, Shv(Bungﬁ X Bun(GS?) — Shv(Bun(GS,f) x Bung k) co-

5.4. Method of proof. In this subsection we launch the proof of Property (A) proper.

5.4.1. The proof is based on the following principle:

Let F': C; — C2 be a functor between compactly generated categories. Assume that F preserves
compactness, so it admits a continuous right adjoint, denoted F¥. Denote

FP .= (F®YY, ¢y — Cy.
Explicitly, identifying
CY = Ind((CH)™),
the functor F°P is obtained by ind-extending the same-named functor on compact objects.
5.4.2. Consider the tautological map
(5.13) (F® F)(uc,) = uc,,
where uc, € C; ® C; is the unit of the self-duality.

The map (5.13) is characterized as follows. For ¢; € C§ with formal dual ¢ € CY, the diagram

(F® FP)(uc,) —2 uc,

(5.14) T T

(F®FP)(c1®cY) —— F(c1) ® F(c1)Y,
commutes, where the vertical arrows are the canonical maps

(5.15) canc:c®c’ —uc, ceC°
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for a compactly generated category C.

Remark 5.4.3. Properly speaking, the object uc € C ® CV can be characterized as the colimit over
the the category of twisted arrows in C¢ that sends

(¢:c" = )€ TwArr(C®) — (¢’ ® (")) eC® CY.

Indeed, for ¢ : ¢ — ¢’ as above, the corresponding map ¢’ ® (c¢”)¥ — uc is either of the circuits in
the following commutative diagram

. v
¢ ® (C//)\/ id ®@¢ ¢ ® (c/)v

¢®idl J{canc/
canss

CN®(CN)\/ e uc.

In what follows, we have chosen to simplify the exposition by not explicitly mentioning the twisted
arrows functoriality and working only with a single object at a time. To make the discussion complete,
one replaces the eventual reference to (4.9) with a reference to Remark 4.1.7.

5.4.4. We have:

Lemma 5.4.5. The functor F is a Verdier quotient if and only if the map (5.13) is an isomorphism.

Proof. We need to show that the counit of the adjunction
FoF" 1d

is an isomorphism. I.e., we have to show that the map
(5.16) (Fo F®)®1d)(uc,) — uc,
is an isomorphism.

Note that F® identifies with the functor dual to F°P. Hence, we can rewrite

(Fo FF)Y®1d)(uc,) = (F®1d) o (FF®1d) o (uc,) ~ (F ® Id) o (F°)Y ® 1d) o (uc,) ~

~ (F®Id)o (Id®F°)(uc,) = (F® F)(uc,).
Under this identification, the map (5.16) becomes the map (5.13).

5.4.6. We will show that the situation described above takes place for
C; := Shvnip(Bung k), C1 := Shvnip(Bung k), £ = Spg_,x -

5.4.7. First, recall that the functor (3.1) preserves compactness, see Sect. 3.1.7 (this relies on Properties
(B), (C) and (D) , which are proved independently of Property (A)).

Next, recall that (when working over a field), according to [AGKRRV2, Sects. 2.5.8, Corollary 2.6.5
and Proposition 2.7.6], the dual of the category Shviip(Bung) identifies with

Shvnilp (Bung)eo C Shv(Bung)eo
in such a way that the unit of the duality is the object
(5.17) P((ABung )+" (WBung)),

where:

e P denotes here Beilinson’s projector, applied along the first factor;
e The object in (5.17), which a priori lies in Shv(Bung X Bung)eo, belongs in fact to

Shvilp (Bung) ® Shvyip (Bung)eo C Shv(Bung x Bung)co, -
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5.4.8. Furthermore (still working over a field), the corresponding equivalence
(Shvnilp (Bung))°? ~ (Shvyi, (Bung)eo)®
is induced by the Verdier duality equivalence
(Shv(Bung)®)°® ~ (Shv(Bung)eo),
where we are using the fact that the embedidng
Shvnip (Bung) < Shv(Bung)©

preserves compactness, by Theorem 1.1.7.

5.4.9. A variant of the above discussion applies to Shvnip(Bung k k), where we only need to replace
P by Pk k.

5.4.10. We claim that the functor Spy’,, of (5.3) sends
Shvnilp (Bung kk)co — Shvnip (Bung k)co
and identifies with (Spy_,,)°P (in the notations of Sect. 5.4.1).

Indeed, this follows by combining (5.6) and Sect. 5.4.8.
5.4.11. Thus, by Lemma 5.4.5 it remains to show that the map (5.13), which in our case is the map
(5.18) (3P @ 3P (P (Bbung )8 hnng 1)) ) = Pl (Aung )e" (@Bung ),
is an isomorphism in Shvyii, (Bung k) ® Shvnie(Bung k)co-
5.5. Verification.

5.5.1. Applying the (fully faithful) functor

ShVNilp(BunG,k) X ShVNilp(BunG,k)Co —
— Shv(Bung k) ® Shv(Bung k)co — Shv(Bung k X Bung k)cos

it suffices to show that (5.18) is an isomorphism of objects in Shv(Bung x X Bung k)co, -

5.5.2. By Proposition 4.3.3, we identify the left-hand side in (5.18) with
Pi o Spic3, ((ABunc,K)?“e(wBunc,K)) :
and using Proposition 5.3.8, we identify it further with
P ((ABung )™ @Bung,.))
which is the right-hand side in (5.18).

It remains to show that the map in (5.18) corresponds under the above identifications to the identity
map.
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5.5.3. By (5.14), we have to show that for F € Shvnip(Bung k,k)¢, the isomorphism

Proposition 4.3.3
~

(5.19) Spf(Oik (PK,k((ABunGYK)fne(wBunG,K)))
Proposif\i)on 5.3.8

~ Py o Spi3 ((ABUDG,K)EDC(WBHDG,K)) = P ((ABunc,k)Enc(wBunG,k))

makes the following diagram commute
SPRZk (Prk(ABung )£ (WBung ) Pi (ABung )" (WBung )

(5.20) T T

Spr_k(F) K Sp(P:(cL)k(DB‘lnG,K €a)) — Spy_i(F) X DBunG,k (Spk— (),

(5.19)

where:
o The left vertical arrow is

co (4.5)
(5.21)  Spx_ (MK SpK-»k(DBunG,K(?)) =~ Spy k(T DBung « (F)) —

= Pk (PEE (Bung ) ™ (@hung.)))

where the last arrow is obtained by applying Pk to the canonical map (5.15), which in our
case is

(5.22) F B Diung () = (Bbung )" (Whungs )
e The right vertical arrow is the map (5.15).
5.5.4. Recall now that due to the validity of Theorem 1.1.7, the functor P is the right adjoint of the
embedding emb. Nilp, see [AGKRRV1, Proposition 17.2.3].
From here, we formally obtain that the functor Pk x provides a right adjoint to the embedding
Shvnip (Bung k,k) < Shv(Bung k).

We obtain that the commutation of diagram (5.20) is equivalent to the commutation of the following
diagram:

P siti 5.3.8
SPE2, ((ABung )1 (Wung ) —poion 225, (ABung )" (WBung )

(5.23) T T
Spk_k () Spf(:k(DBu“G,K (@) —— Spx_k(F) K DBUHG,k(SpKak(?)):

where:

e The left vertical arrow is
coO (45) co
(5.24) SpKHk(?) X SpKHk(DBunG,K(?)) ~ SpKik(g X DBUHG,K(gj)) —
- Spf<0—2>k(ABHDG,K)EHE(WBUHG,K)a
where the last arrow is obtained by applying Pk to the canonical map (5.26) below;

e The right vertical arrow is the map (5.26).

5.5.5. Let Y be an algebraic stack. For an object F € Shv(Y)°°™*" there exists a canonical map
(Ay)i(ey) = TRDy(F).
Passing to Verdier duals, we obtain a map

(5.25) ?&Dy(g‘) — (Ay)*(uhd).
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5.5.6. We take Y = Bung and F € Shv(Bung)®. In this case, the map (5.25) lifts canonically to a
map

(5.26) F R DBung (F) = (ABung )™ (WBung )
in Shv(Bung X Bung)co, -
Indeed, both sides in (5.26) belong to the essential image of
(id X 9)co,+ : Shv(Bung xU) — Shv(Bung X Bung)co,
for a quasi-compact U < Bung, cf. proof of Proposition 5.3.8.

5.5.7. Now, it follows by Verdier duality from (4.9) that the diagram

P siti 5.3.8
SPCKO—2>k ((ABHHG,K)* (WBUHG,K)) e s, (ABuﬂc,k)* (wB“ﬂc,k)

(5.27) T T

Spk k(I X SpCK:k(DBUHG,K (3)) — Spk k(9 X DB““G,k (SpPk_k(9))
obtained from (5.23) by applying
Ps-Id™ : Shv(Bung k X Bung k)co, — Shv(Bung k x Bung k)
does commute.

This formally implies the commutation of (5.23) by the same principle as in the proof of Proposi-
tion 5.3.8.

6. PROOFS OF THE LOCAL ACYCLICITY THEOREMS
The goal of this section is to prove the ULA theorems stated in the previous section.
6.1. Proof of Theorem 4.2.2.

6.1.1. Let A§(7RO, V?{,RO € Shv(Heckex r,) be the standard and costandard objects corresponding to
A, respectively. Le., they are, respectively, the !- and *- extensions of the (cohomologically shifted)
constant sheaf on HeckeﬁgRO.
It is enough to show that A3\(7R0 and V}RO are ULA over Bungr, X Xg,. Indeed, this would
Spec(Rp)

imply that IC§(,R0 =1C is also ULA and has the specified restrictions over k (this follows from

Hcckcﬁ}‘R
the fact that the ULA condition is inherited by the passage to subquotients of perverse cohomologies,
see [HS, Corollary 1.12]).

We will prove the assertion for A?{,R(); the assertion for VQ’RO will follow by duality.

6.1.2. Let E’)ungl,R0 be the moduli stack whose S-points are:
e An S-point z of Xg,;
e A G-bundle Pon Xg, x S

Spec(Rp)

)

e A reduction to B of the restriction of P along S (i XRr, x S

Spec(Rp)
Consider the fiber product

/ F1
Heckex r, := Bung g, X Heckex g,
BunGR0

equipped with the maps

Fl /Z / 'ﬁ)
Bung g, < Heckex r, — Bung g, -

It is naturally stratified by locally closed subsets
"HeckeX gy, N € A~ W\WText,



GEOMETRIC LANGLANDS IN POSITIVE CHARACTERISTIC 45

where W2t ig the extended affine Weyl group. Denote by ’ A;\(/,Ro the corresponding standard object.
The pullback of A;\QRO along the (smooth) projection
'HeckexRO — Heckex r,
admits a filtration with subquotients ’Aﬁ‘g}Ro for A’ € A projecting to A € AT ~ A/W.
2 1 < —
Hence, order to prove that A% g is ULA over BungyR0 (with respect to both h and h), it suffices to
—

show that the objects 1A§,R0 are ULA over BunglﬂR0 with respect to 'h and over Bung g, with respect

i
to 'h.

6.1.3. Let Heckei{RO be the moduli stack'® whose S-points are:

An S-point x of Xry;

A pair of G-bundles P and P’ on Xg, x S
Spec(Rp)

Reductions to B of the restrictions of P and P’ along S (z’—i>d) XR, X S
Spec(Ro)

e An isomorphism fP|XR0 « S_g ‘P'|XRO %«  S—S-
Spee(Ro) Spee(Ro)

— —
Denote by hF! and A" the natural projections
— —
1 A F1 AT Fl
Bungr, < Heckexr, — Bungpg, -

The prestack Hecke?,R0 is an ind-algebraic stack. It is naturally stratified by locally closed substacks
Heckeil,’sjo , where @ runs over W2T-ext,

For a given @ € W, let
_ L
AX r, € Shv(Heckey s’ )

denote the corresponding standard object (i.e., the !-extension of the constant sheaf on Heckeg(l”go )

6.1.4. We have a Cartesian diagram
Hecke¥ g, —— "Heckex gr,)
e | G
Bunglﬁ0 — Bungp,
with the horizontal maps being smooth and proper.
The object A;‘(/,Ro € Shv('Heckex R, )) is isomorphic (up to a cohomological shift) to the direct image

of A?RO € ShV(Hecke}j}l’RO) for any @ € W2H°** that projects to A’ under WaHext 5 pp\prafrext ~ A

— <
Hence, it is enough to show that the objects Ay g, are ULA over Bungl’R0 x  XRg, for both !
Spec(Rp)

N
and R

16Here “F17 stands for “affine flags”, as opposed to the usual Hecke stack, which is modeled on the affine
Grassmannian.
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6.1.5. We argue by induction on the length ¢(w).

When ¢(w) = 0, the map

— —
Fl,w h xsorh Xxs Fl
Hecke g Bunggr, X Xg,

Spec(Ro)
is an isomorphism, and there is nothing to prove.

When ¢(w) = 1, the map

< —
Fl,w h Xsorhxs Fl
Heckex g, — " Bunggr, X Xgg

Spec(Ro)
is smooth fibration with fibers isomorphic to A'. Similarly, the closure
Hecke};”go B) Heckegf0
is a smooth fibration

+— —
Fl,w h Xsorh Xs Fl
Heckey g, — Bunggr, X Xg,

Spec(Ro)
with fibers isomorphic to P*.

Hence, the object AB";’RO is a cone of a map between constant sheaves on schemes that are smooth

over BunglﬁR0 x  XRg,. Hence, it is ULA.
Spec(Ro)

6.1.6. For w of length > 2, choose a decomposition

w = w1 '1,172, ((IE) :f(’[[}1)+é({52)
Consider the convolution diagram

He(:keE({R0 X . Heckeg(ly Ro

N
h ,Bunkl!

X XRn o b
G RO gpec(Rg)” 0

"h "h
HeckeI;}l,RO Heckei{RO
— — <~ —
h Xs h Xs h Xs h Xs
BungR0 X XRy BungRO X XRy Bung’RO X XRy-
Spec(Rp) Spec(Rp) Spec(Rp)

By the induction hypothesis, the object

— ~ N — N * — —
(6.1) AR'R, BAR%, = (h)"(AYR,) ® (h)"(A%%,) € Shv(HeckeXg, ~ x  Heckexg,)
h ,BunglyRO  h

is ULA with respect to both

—

(h xs)o;l; and (ﬁxs)o’ﬁ.
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6.1.7. Consider the convolution map

Fl Fl Fl
conv : Heckex g, X Heckex g, — Heckex g, X Xg,
— +—
h BunF] X Spec(Ro)

X h
G,Rg Spec(Ry) 10’

so that
P “— — P —
(h xs)o'h=(hxs)oconv and (h X s)o'h = (h X s)oconv.
We obtain that
AXlr,HAKR,
is ULA with respect to both
«— —
(h x s)oconv and (h X s)oconv.
Since the map conv is proper, we obtain that

A1771

wy . w1 A W2
XRo * AXR, 1= convi(AYg KA )

“— —
is ULA with respect to both A x s and h X s.

6.1.8. Now, since the map conv induces an isomorphism

Fl,@; Fl,@ Fl,@
Heckey g, L X HHeckeXR0 — Heckex'g,
F1
h ’BunG,RO ,h
we obtain that

AUTI

@ AT
XRy * BAx’Ry 2 AXRe-

Hence, A?(,Ro is also ULA as required.
O[Theorem 4.2.2]

6.2. The key mechanism. We now proceed with the proofs of Theorems 4.4.5 and 5.1.3. The proof
will be based on the contraction principle, embodied by Proposition 6.2.2 below.

6.2.1. We place ourselves again in the situation of [DG2], over an arbitrary Noetherian base S (i.e.,
this is a generalization of the context of Sect. 5.2.4, where instead of Spec(Rp) we have a more general

S).
We claim:

Proposition 6.2.2. Let ¥ € Shv(U) be ULA over S. Then so is ji(F) € Shv(Y).

Proof. Repeats the proof of Proposition 5.2.5.
O

Remark 6.2.3. The assertion of Proposition 6.2.2 replicates that of [HHS, Theorem 6.1.3]*". We refer
the reader to loc. cit. where the proof is written out in detail.

Remark 6.2.4. As a side remark, we observe that Proposition 6.2.2 allows us to give an alternative
proof of Theorem 4.2.2:

We can show that the objects AQRO are ULA by reducing to a contractive situation as in the original
Kazhdan-Lusztig paper [KL], by intersecting with the opposite Schubert strata.

6.3. Proof of Theorem 4.4.5. The proof below is inspired by the computation of IC stalks in [BFGM],
and follows the same line of thought as that in [HHS, Theorem 6.2.1].

1"We are grateful to L. Hamann for pointing this out to us.



48 DENNIS GAITSGORY AND SAM RASKIN

6.3.1. Let M denote the Levi quotient of P~. Let J C I be the subset of the Dynkin diagram of G
that corresponds to the roots inside M.

Denote by AZ’p the monoid equal to the non-negative integral span of a;, i € (I —J). We endow
it with the standard order relation.

Recall (see [BG1, Sect. 1.3.3]) that Bunp_ carries a stratification indexed by elements of AL ps

Bunp- = U (Bunp- ),
0eARs,

with the open stratum (lgﬁlnpf )o being Bunp-.
For a given 6, let
(Bunp-)<p C Bunp- and (Bunp-)<p C Bunp-
be the open substacks
G/Lio(ﬁ;l/np—)e’ and 9/%9 (Bunp-)g,
respectively.

We will prove Theorem 4.4.5 by induction on 6. The base of the induction is when 6 = 0, in which
case (Bunp-)<p = Bunp—, which is smooth over Bunasr,, and the ULA property'® is obvious.

Thus, we will assume that the ULA statement holds for
]!(gBunP,YRO )‘(B_l;lP*,RO)<9
and we will deduce its validity for

j!(gBunP,,Ro )|(1§VunP7,RO)§9‘

6.3.2. Consider the parabolic Zastava space Zast, see Sect. 9.3.7 below. Pulling back the above
stratification along the projection

Zast — Bun P—
we obtain a stratification on Zast. We denote by
Zastg, Zast<g, Zast<g
the corresponding substacks.
Denote

o
Zast := Zastg = Zast x Bunp- .

Bun,,_
o
Denote by jzast the open embedding Zast < Zast.

Recall also that Zast splits as a disjoint union

Zast:= U Zast?.
€

pos
G,P

18For the duration of this proof, “ULA” means “ULA over Bunar,”.
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6.3.3. Arguing as in [BFGM, Sect. 5] or [Ga4, Sect. 3.9], we obtain:

Lemma 6.3.4.
(a) The ULA property ij!(gBunP_,Ro)|(BTHP—,RO><9 implies the ULA property of

(jZast)! (EZaostRO )|(ZastR0 Y<o*

(b) The following statements are equivalent:
(1) j! (gBunP, Ro ) ‘ (Brvunp, Ro )S9 is ULA)
(ii) (Jzast): (EZaost )|(ZaStR0)§9 is ULA;
(

Ro

111) (jZast)!(QZ:St )|(Zastgo)§g is ULA.

Ro
6.3.5. Let us denote by j<s,<¢ the open embedding
Zast9<9 — Zastegg .
Note that the complement of this embedding is the closed stratum Zast§ c Zastggg.

Thus, we have to show

(6.2) (Gzas)i(eo  M(zasd ) 38 ULA = (j<o,<0)1 ((jZaSt)!(QZ;StRO)|(Zastgo)<9) is ULA .

7ZastR0

6.3.6. Recall now (see [BFGM, Sect. 5.1]) that Zast’ = Zast?, carries an action of G,, that contracts

it onto the locus Zast}.
Since the object (jz;m)!(gzo )|(Zascg )< is Gy-equivariant, the implication (6.2) follows from
as 0

tRo

Proposition 6.2.2.
O[Theorem 4.4.5]

6.4. Proof of Theorem 5.1.3. It is easy to reduce the assertion to the case when G is semi-simple,
which we will now assume.!?

6.4.1. Recall that according to [Sch], the diagonal map
A : Bung — Bung x Bung
can be factored as
Bung = Bung X pt = Bung X pt /Za <i> Bung E) Bung x Bung,
where the map j is an open embedding and A is proper.
6.4.2. Ezample. For G = SL, the stack Bung classifies triples
(&1,€2,0) /G,

where €1 and €2 rank-2 bundles with trivialized determinants, and « is a non-zero map &1 — €2. The
action of G,, is given by scaling a.

The open locus Bung X pt /Zg corresponds to the condition that « be an isomorphism.
6.4.3. Thus, it suffices to show that the object
(6.3) j!(gBunG,RO X Rz.) € Shv(Bungr,)
is ULA over Spec(Ro), where
Rz € Rep(Za) — Shv(Spec(Ro)/Zc)

denotes the regular representation.

190therwise replace Rz below by the I-direct image of e along the map pt — pt /Z¢.
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6.4.4. Recall (see [Sch, Sect. 2.2.7]) that stack Bung admits a stratification indexed by the poset of
standard parabolics in G:

Bung = %Bung,p
with the open stratum Bung g being the image of the embedding j.

Denote by Bung,>p (resp., Bung,>p) the open substack equal to the union of the strata correspond-
ing to the parabolics P’ with P C P’ (resp., P C P').

We argue by induction and assume that the object (6.3) is ULA when restricted to the open sub-
stack Bung,>pRr,. We now perform the induction step and prove that the ULA property holds over

Bung,>pRo-

6.4.5. Consider the stratum Bung,p. According to [Sch, Sect. 3] that Bung p admits a further

stratification indexed by elements of Ag%:

Buncyp = U (BunG,p)g.

pos
0EAR’Y

For a given 6, let
(Bung,p)<s C (Bung,p)<e

be the corresponding open subsets.
In particular, we have the open locus

(Bunc,p)o C BunG,p.

6.4.6. Example. In the example of G = SL2, the Borel stratum corresponds to the condition that the
map « has generic rank 1 and hence factors as

e Do 0, Be,,
where £; are line bundles and ; are bundle maps.

The stratification by A¢p = Z>° is given by the total degree of zeroes of the map ~.

6.4.7. Denote by Bung,>p,<¢ and Bung,>p,<¢ the open substacks
Bunc,>p U (BunG,p)<9 and Bunc,>p U (Bung,p)gg,
respectively.

By induction, we can assume that (6.3) is ULA?® when restricted to Bung,>p,<g,r,- We will now
perform the induction step and prove that the ULA property holds over Bung,>p <o Rr,-

Remark 6.4.8. The rest of the argument, which is explained below, uses the same principle as the
proof of Theorem 4.4.5: we will replace Bung,>pr, by its local model and reduce the assertion to a
contractive situation (i.e., one covered by Proposition 6.2.2).

6.5. Proof of Theorem 5.1.3, continuation.

6.5.1. Let Y¥ denote the open substack
[E— tr —_
(Bunp X Bung X Bunpf) C Bunp x Bung X Bunp-,
Bung Bung Bung Bung

where the superscript “tr” refers to the generic transversality condition, see [Sch, Sect. 6.1.6].

20For the duration of this proof, “ULA” means “ULA over Spec(Ro).
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6.5.2. Example. For G = SLa, the fiber product

Bunp x Bung X Bunp-
Bung Bung

classifies the data of
PR P L
where ¢, are bundle maps.
The generic transversality condition is that the composite map £} — £5 be non-zero.

6.5.3. The stratifications on Bung induce the corresponding stratifications on Y’ to be denoted Y}fu
Y} 4, etc. We note that Y3 = () unless P C P'.

Note that the open stratum YZ identifies with

Zast X pt /Zg.

Denote by jy the open embedding

° P
Zast X pt /Zg = Y.

In addition, Y splits as a disjoint union
(6.4) yP= u v??
0eAD?s,

and Y , is empty unless 9 <é.

6.5.4. Example. In the example of G = SLs, the decomposition (6.4) is according to the total degree
of zeroes of the map £} — L£5.

6.5.5. The following is parallel to Lemma 6.3.4:
Lemma 6.5.6.
(a) The ULA property of

j! (gBunG1R0 X RZG ) ‘mcjzpy<9)R0

implies the ULA property of
Uyh(e, o HRzg)lyr

ZastR >P,<6, Ro

b) The following conditions are equivalent:
1) (eBuﬂGR gRZG)‘T“G,ZP,SG,RO 18 ULA,'

(
(
(ii) (v ) (eZaSotR M Rzg)lyr, _, . @ ULA;
(

ili) (jv)i(e, o MRzg)l,P is ULA.

Zastr, > <9 ,Ro
6.5.7. Let j>p <6,<¢ the open embedding
P, P,o
Yob<o = Ysp <o
Note that the complement of this embedding is the closed stratum

Po Po
Ypy CYsb <o
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6.5.8. Exzample. In the example of G = S L2, the closed substack Y;’: is the locus where the maps
L1 — £y and £y — L5
are isomorphisms.
So & =L, ®LE! and the map « is
S L1 LY Ly o Ly Lo LT

Thus, we obtain that Y; :99 is isomorphic to a version of the Hecke stack for G,,: it classifies pairs
(L1, D), where L1 is a line bundle and D is an effective divisor on X of degree 6.

6.5.9. Thus, we have to show:

(jy)!(e ° IXRZGNYP,S is ULA = (j2p7<97§9)! ((jy)!(e o @ch)lyp,e ) is ULA.

" Zastg >P,<6,Rg " Zastg, >P,<6,Rg
6.5.10. Recall now (see [Sch, Sect. 6.5.5]) that Y>P}‘f<9 carries an action of G,,, which contracts its
: P,0 -
into Y53’

6.5.11. Example. In the example of G = SLs, the above action is the following one. A scalar ¢ € G,
acts on the triple

L8 e e, %3
by
01 et - 01, 02 et - 02, a— .
6.5.12. Since the object

Gy (e o gRZG”YZPPKG)RO € ShV(YZPP,<9,R0)

ZastRO
is quasi-equivariant with respect to this G,,-action (i.e., equivariant after passing to a finite self-isogeny
of G, ), the required assertion follows from Proposition 6.2.2.
O[Theorem 5.1.3]
7. PROOF OF THEOREM 4.4.2

We will give two proofs. The first proof is shorter, but it requires more stringent assumptions on
the characteristic of the ground field k (see Assumption (*) in Sect. 7.1.3 and Remark 7.1.5).

7.1. First proof of Theorem 4.4.2.

7.1.1. Let
exp™ /T € Shv(GL/T)
be as in [GLC1, Sect. 3.3], where I is the Dynkin diagram of G (see also Sect. 8.4.11 below).
Recall that we have a canonically defined T-equivariant map
XI s Buny pwy) — Gé,
and consider the corresponding map
x'/T - Buny pwy) /T — GL/T.
Denote
expyr /T := (x"/T)* (exp™ /T) € Shv(Buny y(uy) /7).
Recall the map
p: Buny pwy) — Bung
and note that it naturally factors via a map

p/T : Buny pwy) /T — Bung.
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Recall that the object Poinc*® is defined as
(p/T)i(exp,1 /T) € Shv(Bung).
7.1.2.  We consider the above objects over Spec(Ro). The object expgol /T is ULA over Spec(Ro) (e.g.,
by Proposition 6.2.2). Since the map x’/7 is smooth, we obtain that
exp,1 g, /T € Shv(Buny ,(wx).Re /1)
is also ULA.
For the rest of the first proof, we will consider separately the cases of g > 2, g =1 and g = 0.

7.1.3.  We will make the following assumption on the pair (G, char(p)):

(*) For every standard Levi M and a central character i of Zar, the direct summand (np)g, viewed as
a representation of M, has strangeness 0 (see [DG1, Definition 10.3.4] for what this means).

Remark 7.1.4. As was explained in loc. cit., the above assumption is automatic when one works over
a ground field of characteristic 0.

Remark 7.1.5. According to [IMP, Theorem 3.1], the following condition guarantees that Assumption
(*) is satisfied:

We need that for all M and all roots & appearing in np,
2 (par, &) - |28 (O [M, M]| < p.

In the above formula, the factor |Z%, N [M, M]| appears since in [IMP] only representations with
trivial determinant are allowed.

7.1.6. We proceed with the first proof of Theorem 4.4.2. We start with the case g > 2.
Note that the map p/T factors as

—9).,) J(29—2)-
BuanP(Wx) /T — Bun(GS(Qg 2)-p) 2_) P

Bung,
where the first arrow is proper (see [DG1, Theorem 7.4.3(a)]).
Hence, it suffices to show that the functor
(J2g—2)-p)1 Shv(Bun(GS’F({igfz)'m) — Shv(Bung,r,)
preserves the property of being ULA over Spec(Ro).
We now use Assumption (*). It implies that the complement of the embedding

<(29—2)-p) 1(29—2)p
<c?< 9—2)p) = Bung

Bun
is contractive, see [DG1, Proposition 10.1.3].
Hence, the required preservation of the ULA property follows from Proposition 6.2.2.
7.1.7. We now consider the case g = 1. In this case, the map p/T factors as

(7.1) Buny swy) /T — Bungo) 2% Bung .

Note that Bun(GSO) is the semi-stable locus Bung C Bung. We factor the first arrow in (7.1) as

w is trivial

Buny pwy) /T =  Buny /T < Bun} — Bun¥,
where the second arrow is a closed embedding, and Bun% is the preimage of the neutral connected
component of Bunr under q : Bung — Bunr.
Note that the map
Bun% — Bung

. . =0 . .
is proper (indeed, Bun% = Bun% x Bun{ — Bunp x Bun¥ is an equality).
Bung Bung
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Hence, the first arrow in (7.1) is proper. Therefore, it remains to show that the functor
(g0)r : Shv(Bunggg) — Shv(Bung r,)
preserves the property of being ULA over Spec(Ro).

However, in genus 1, the complement of Bungo) in Bung is contractive (by Assumption (*) and

[DG1, Proposition 10.1.3]). Hence, the assertion follows from Proposition 6.2.2.

7.2. Proof of Proposition 4.4.2 in genus 0. It remains to consider the case of ¢ = 0. Here the
argument will be of different nature and in fact can be considered as a simplified version of the second
proof relying on special features of the genus 0 situation.

7.2.1. We will show directly that
®(PoincsS) = 0
(which is what we need for Property (C)).

However, by Remark 4.1.10, this is equivalent to the fact that Poinc!\fagis ULA over Spec(Ro).

7.2.2. Note that the direct sum of the constant terms functors
CT? : Shv(Bung) — Shv(Buny), Ae A’
is conservative when g = 0.
Hence, it suffices to show that
CT2 o®(Poinc's) =0, A €A™,
7.2.3. Recall also that according to [DG2], we have a canonical isomorphism

(7.2) CT ~ CT; ™.

We claim now that the canonical maps
CT, " o® — & o CT; "

are isomorphisms when A € AT,

Indeed, the functor CT, > s given by

(@ )o(p )
for the diagram
Bung e Bun%_ i, Bun? .
Now, for A € A", the map p~ is smooth, and hence the functor (p~)* commutes with vanishing

cycles. The functor (q7 ) commutes with vanishing cycles thanks to the contraction principle (see
[DG2, Sect. 4.1]) and isomorphism (5.2).

7.2.4. Thus, it suffices to show that

® o CT, " (Poinc'gS) = 0.

However, this is the assertion of (7.6) below.
O[Theorem 4.4.2]

7.3. Second proof of Theorem 4.4.2. It is easy to reduce the assertion to the case when G is
semi-simple, so we will make this assumption.

7.3.1. Recall (see Remark 4.1.10) that we have to show that
(7.3) ®(Poinc)sS) = 0.
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7.3.2. Recall that we have the semi-orthogonal decomposition of the category Shv(Bunc)

€cusp

Shv(Bung)gis <5 Shv(Bung) < Shv(Bune)eusp-
Thus, every object F € Shv(Bung) fits into a (canonically defined) fiber sequence
egis O egis(?) — F — ecusp © eCLusp(?).
Furthermore,
et (F) = 0 if and only if CT.(F) = 0 for all proper parabolics P C G.
7.3.3.  We will show that

(7.4) €cusp (®(Poincg5 ) = 0
and
(7.5) CT..(®(Poinc’)) = 0.

By the above, this will imply (7.3).
7.4. The Eisenstein part. We first tackle (7.5).
7.4.1. First, we claim:

Proposition 7.4.2. The natural transformation
VoCT, — CT,oV

is an isomorphism.

Proof. Using Beilinson’s definition of nearby cycles, the functor ¥ is the colimit of functors
ig © (jo)«((—) ® &),
where:

e The maps ig and jo are Spec(k) — Spec(Ro) and Spec(Ko) — Spec(Ro) and base changes
thereof;
e & is a local system on Spec(Kg) or a pullback thereof.

We claim that the operation CT. commutes with all the three functors involved:
(i) The commutation with (—) ® € is obvious;

(ii) The commutation with the functor (jo)« is also obvious, since CT, involves !-pullbacks and *-
pushforwards.

(iii) In order to establish the commutation with i, we apply the isomorphism (7.2), and rewrite CT. as
CT, . Now again the commutation becomes obvious, since CT|” involves *-pullback and !-pushforward.
d

Remark 7.4.3. Note that a variation of this argument shows that the natural transformation
SpoCT. — CT.0oSp
is an isomorphism.
Corollary 7.4.4. The natural transformation
®oCTy — CT, 0®
is an isomorphism.

Proof. Follows from the fiber sequence
b T — i!,

where the functor i' obviously commutes with CT.,.
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7.4.5. By Corollary 7.4.4, it suffices to show that

P o CT. (Poinc!\,/sg)) =0.

We use again the isomorphism (7.2), and we rewrite
CT.(Poinc's’) ~ CT; (Poinc'3t).

Thus, we have to prove:
(7.6) ® o CT; (Poincg¢) = 0.

We claim:
Theorem 7.4.6. There is a canonical isomorphism
(transl, , (o))" 0 CT; (Poincgy)[d] =~ Fact(€2'°°) x Poincy;',
where:
o transl, ., ) is the automorphism of Bunys given by translation by pp(wx) € Bung,, ;

e The integer d is as in [GLC3, Corollary 10.1.8];
o The functor (Fact(Q'°%) x (=)) is as in Theorem 9.2.7.

The assertion of Theorem 7.4.6 is obtained from that of Theorem 9.2.7 proven below by a duality
manipulation (see [GLC3, Corollary 10.1.8]).

Remark 7.4.7. Alternatively, one can prove Theorem 7.4.6 by rerunning the argument of Theorem 9.2.7.

o
However, the proof is simpler as here one works with the open Zastava space Zast and one does not
need any local acyclicity assertions.

7.4.8. Thus, we have to show that
®(Fact(Q2'°°) x Poincy; g,) = 0.
By Proposition 4.2.5,
P (Fact(€2'°°) x Poinc);§ g, ) = Fact(Q'°°) « ®(Poincy;S g, )-

Now, by induction on the semi-simple rank, we can assume that @(Poinc\l\%ﬁo) = 0, and the assertion

follows.
7.5. The cuspidal part.

7.5.1. The statement that we want to prove is that the map
(7.7) efusp(PoincXEC) ~ efusp o iS(Poinc!YSg) — ecLuSp o \P(Poinc!\fﬁg)

is an isomorphism.

Thanks to Theorem 4.4.5, the functors ig, jo,«, and ¥ are defined on the cuspidal category, viewed
as a quotient of Shv(Bung), i.e., in a way that commutes with the projection

elusp : Shv(Bung) — Shv(Bung)eusp-
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7.5.2. Recall that Poinc'®® € Shv(Bung) was defined as
(p/T)i(exp s /T) = (x"/T)" (exp™ /T),
where exp® /T is as in [GLC1, Sect. 3.3].
We will now change the notations
exp‘m /T ~~ exp?l /T and exp,r /T ~ exp,r, /T
and we note that there exists another object
exp™ /T € Shv(GL/T),
see Sect. 8.4.11.

In addition, there is a canonically defined map

(7.8) exp; /T — expl’ /T,
see (8.8).
7.5.3. Denote

expyr . /T = (X" /T)" (expl" /T).
Let
Poincy® € Shv(Bung)

be the object equal to
(p/T)+(expy1 . /T).
The map (7.8) gives rise to a map
(7.9) Poinc)*® — Poincy .
We will prove:

Theorem 7.5.4. The cone of (7.9) belongs to Shv(Bung)gis.

Actually, the proof shows more, namely that for any § € Shv(Spec(Ro)), the morphism

(7.10) PRO,!(WEut,N‘P(w)1R0 (G) ®exp,1,/T) = PRO,*(WEut,N‘p(w)1R0 (G) ®@exp, 1, /T)
has cone lying in Shv(Bung g, )Eis; here TBuny, p(w),Ro is the projection from Buny ,.)r, to Spec(Ro).

The proof of Theorem 7.5.4 will be given in Sect. 8. We now proceed with the proof of the fact that
(7.7) is an isomorphism.

7.5.5. Take € to be a lisse sheaf on Spec(Ko). We have a commutative diagram

PoincYﬁS ®jo,« () — joy*(Poinc,YﬁfJ ®E&)

(7.11) l l

PoincY¥, ®jo,. () ———— jo..(Poinc%, ®E).

The vertical arrows have Eisenstein cones by Theorem 7.5.4. Moreover, the composition from upper
left to bottom right has Eisenstein cone by the property of (7.10) stated above. Therefore, each arrow
in the above square becomes an isomorphism after applying efusp.

Applying ij, we obtain a similar diagram

i5 (Poinc) 5 )®i5 0 jo,«(€) —————— i§ 0 jo,« (Poinc)kS ®E)

(7.12) l l

i (Poinc ) @i 0 jo,.(€) ———— i3 0 jo,.(PoincY, ®E)
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in which again all arrows have Eisenstein cones. By Beilinson’s construction of nearby cycles, we can
pass to a colimit of such €’s so that the top horizontal arrow in the above diagram becomes the map

i (Poinc!\,/sg ) =1ip (Poinc!\f;g )@Y (egpec(Ky)) — \P(Poinc!\{ﬁg ),

which we deduce has Eisenstein cone.

8. COMPARISON OF !- v§ *- POINCARE OBJECTS
The goal of this section is to prove Theorem 7.5.4. We continue to assume that G is semi-simple.

8.1. The case when there exists the exponential sheaf. Note that we only used Theorem 7.5.4
over K and R. However, we will first give a proof over a field of positive characteristic (or for D-modules),
since it conveys the intuitive picture.

Remark 8.1.1. In the course of the proof, we will see that the cone of (7.9) admits a canonical filtration,
whose associated graded can be described explicitly, see Remark 8.2.8.

8.1.2. We start by rewriting the objects
(8.1) exp ! /T and exp™ /T

in terms of the exponential sheaf?’.

Namely, we start with
exp™ € Shv(Gl)
(here I is the set of vertices of the Dynkin diagram) and the objects (8.1) are its I- and *- direct images,

respectively, along the map
G - GL/T.
8.1.3. Consider the stack
BunN,p(w) X (Al)l.
Let f denote the projection
BunNﬁp(w) X (Al)l — BunNyp(w).

We consider the canonical T-action on Buny () % (A')’, where the action on the second factor is

via
simple roots
T — Tadj pZ ‘ in
Let f/T denote the projection
(Buny,p(ey x (A1)")/T = Bunn () /T-
8.1.4. Let j denote the open embedding
BunN,p(w) X (Al — O)I — BunNﬁp(w) X (Al)l.
and j/T the embedding
Buny pw)/Zc ~ (Buny ) x (A" —0)")/T < (Buny, ) x (AY")/T.

We can rewrite
(8.2) Poincy™ ~ (5/T)2 o (f/T)? o (j/T)z o (m25)7 0 j2 o (x" )" (exp™),
where:
e 7 is either ! or x;
e j denote the embedding Buny () < BiunNyp(w);

o 7z, denotes the projection Buny ,) = Buny, ,w)/Zc.

21The definition of these objects in Sect. 8.4.11 uses the Kirillov model and hence avoids the exponential sheaf.
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Note that:
e The map p/T is proper, so (p/T) — (p/T)+ is an isomorphism;
e The map 7z is finite?2, so (mzg )1 = (724 )« is an isomorphism;
e The extension of (x!)*(exp™) along j is clean, so the map
gro (x") " (exp™) = g o (xX')" (exp™)
is an isomorphism.
8.1.5.  We can talk about the full category
Whit™" (Buny, () x (A")") € Shv(Buny () x (AN,

where the “extended Whittaker condition” depends in the point in (A*) (we think of this (A')? as the
variety of characters of G{l), see Sect. 8.3.1.

Remark 8.1.6. The notation Whit™* (and the idea thereof) is borrowed from [Ga2, Sect. 8], where the
extended Whittaker category is studied.

8.1.7. We can also consider the corresponding equivariant version
Whit™ (Buny, () x (A")")" € Shv(Buny, ey x (A1)

We will prove:
Proposition 8.1.8. For F € Whit™"(Buny ) x (A")")7, supported off Bunn, ) x (A' —0)', the
object

(B/T): o (£/T)(%) € Shv(Bunc)
is Fisenstein.
Proposition 8.1.9. For F € Whit™" (Buny, () x (A")), the map
S(F) = f.(T)

is an isomorphism.

It is clear that the combination of these two propositions implies that (7.9) is Eisenstein.
8.2. Proof of Proposition 8.1.8.
8.2.1. For a subset J C I, let

is: (Bunn ) x (A =0)7) € (Buny,pe) x (A7)

be the embedding of the corresponding stratum, so that iy = j.

Denote by

Whit?*™ (Buny, ) % (A" —0)7) € Shv(Buny ) x (A" —0)7)
and
Whit?™* (Buny ) x (A" —0)7)" € Shv(Buny p) x (A" —0)7)".
the corresponding subcategories, obtained by imposing the Whittaker-type equivariance condition.
Remark 8.2.2. The notation Whit?** (and the idea thereof) is borrowed from [Ga2, Sect. 7).
8.2.3. We will show that the functor
(®/T)i o (f/T)r o (is/T): : Whit*?** (Buny, py x (A" —0)7)" — Bung
factors through the subcategory generated by
Eis; : Shv(Bunjs) — Shv(Bung),

where P is the standard parabolic corresponding to J.

22Recall that G was assumed semi-simple.
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8.2.4. We stratify Buny ,(,) by (Bunn, ,))a, A € AP,

(Buny,p(w))x >~ Bunp x X(A),
Bunp

where X — Buny is the Abel-Jacobi map, shifted by p(wx). Let i5 denote the corresponding locally
closed embedding.

Consider the corresponding subcategories
Whit?*"* (Buny, pwy)a X (A" —0)”7) € Shv((Bunn p))s x (A" —0)7)

and
Whit”* (Buny, pw)s x (A" —0)7)" € Shv((Buny, y())a x (A" —0)7)7.

We will show that the functor
(®/T)ro (f/T)ro(is/T)ro (ix/T) : Whit*™™* ((Buny, y(w))x x (A" —0)")" — Bung

factors as
WhitP*"* (Buny, p(w))a X (A" —0)))" = Buny i Bung .

8.2.5. Note that the map
((mN’p(w)/\ % (Al B O)J) /T (B/T)o(f/T)olig /T)o(ix/T) Bung

factors as
((BunN,p(w))A x (A" — O)J) /T 22, Bunp 2 Bung .

Moreover, we have a Cartesian diagram

((Buny o)) x (A1 —0)7) /T

|

((BunB x XW)X(AI—O)") JT ", ((BunB(M) X X“))x(Al—o)J) /T

Bunp Bunp
fp l l 'fp
apr
Bunp —_— Buny
pr l
Bung

and every object from Whit®™* ((Buny p(w))x X (A" — O)J)T is isomorphic to the *-pullback by means
of ‘qp of an object in

Shy (((BunB(M) x XNy (Al - O)J)/T) .

8.2.6. Now,
(83) (B/T)ro(f/T)ro(is/T)o(in/T)o(ap)" =~

=~ (pp)ro (fr)ro(apr)” = (pp)io (pp)" o (fr)r = Eisi o ('fp):
(up to a cohomological shift?3), as required.

O[Proposition 8.1.8]

23Which is involved in the definition of Eis;.
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Remark 8.2.7. We have obtained that the cone of (7.9) admits a canonical filtration indexed by () #
J C I, where the subquotient corresponding to a given J in turn has a filtration indexed by A € AP
and its subquotient corresponding to a given A is given by

(8.4) Eis, ((’fP)! o (qp)s o (ix/T)" 0 (i7/T)" 0 (3/T)« o (w2 )10 jr o (XI)*(eXPw))7
(up to a cohomological shift).

One can describe the cone of (7.9) more conceptually, by combining the results of [Chen| and [Lin].
Namely, it has a canonical filtration indexed by the poset of proper parabolics with the associated
graded corresponding to a given P being

Eis$?™ o CTE™ (Poinc) ™),
where we refer the reader to [Chen] for the “enhanced” notation.
Remark 8.2.8. The object
(fr)r 0 (ar)e o (ia/T)" 0 (is/T) 0 (§/T) o (mze )1 0 1 o (x')" (exp™) € Shv(Bunay)
is closely related to (and can be algorithmically expressed via) the object
(fp)io (qp)« o (ix/T) o (is/T) o (§/T)« o (r25)1 0 ji o (x')* (exp™) € Shv(Bunar).

The computation of the latter objects is the main goal of the paper [AG2]. Namely, it says that this
object identifies with

CT. (Poinc,"™),
which in turn be calculated using Theorem 7.4.6.

8.3. Proof of Proposition 8.1.9.

8.3.1. The proof will fit into the following general paradigm:
Let Y be a stack acted on by a vector group V. Consider the corresponding category
Whit(V* x Y) C Shv(V" x Y).

Namely, this is the full subcategory consisting of objects F € Whit(V* x Y), equipped with an
isomorphism
(id x act)"(F) = (p1,2 0 ev” (exp)) ® p1 3(F)
in Shv(V* x V x Y) that restricts to the identity map?* on V* x {0} x Y, where
e act denotes the action map V xY — Y;
e ev denotes the evaluation map V* x V — G,.
Note that the functor
Shv(Y) “Y Shv(V x Y) "2 Shv(V* x Y)
gives rise to an equivalence

Shv(Y) = Whit(V* x Y).

24Gince V is unipotent as a group, the full equivariance structure is actually a condition, which is equivalent to the
simply-minded one above.
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8.3.2. Let f denote the map V* x Y — Y. We claim:

Proposition 8.3.3. The natural transformation fi — f. becomes an isomorphism when evaluated an
objects of Whit(V* x Y).

Proof. Tt enough to prove the isomorphism after the (smooth) pullback by means of the map
VxYyy.
This reduces us to the case when Y has the form V' x Z with V acting on the first factor.
In this case, the equivalence
Shv(V x Z) — Whit(V* x V x 2)
is given by
F — p1 3 (Fourz (F)) épiz(mult*(exp)).
The operations
GeShv(V* x Z) ~ fi (pT,g(S) épf,z(mult*(exp)) and f. (pig(S) épig(mult*(exp))
are the |- and *- versions of the functor
Fourz, : Shv(V* x Z) — Shv(V x Z).
Now, it is well-know that the natural transformation
Four, z — Four, 2

is an isomorphism.

8.3.4. We apply the above paradigm as follows. Cover Buny ) by open substacks

BunN,p(w),goodatx7 S X7

where we require that the generalized B-reduction be non-degenerate at x. It is enough to show that
the map fi(F) — f«(F) restricts to an isomorphism over every

BunN,p(w),good atx-

8.3.5. Consider the corresponding stack

level,
BunN,p(w),good at x>

see [Ga3, Sect. 4.4.2].

velg

The stack Bunlff’p(w),good atx 1S acted on by the group ind-scheme £(N.)).. Let
I I
Xa * E(Np(w))m — Ga
denote the canonical character.

8.3.6. Let N’ C £(N,(w))« be a sufficiently large subgroup. Let
N’ :=ker(x%|n)-

Set
level, o,
% = BunN,p(w),good atx/N .
I

This is a stack locally of finite type, which carries an action of V := G,. Finally, we note that the
category Whit(V* x Y) identifies with the category

White)(t (BunN,p<w) ,good at x X (Al)l)v

where we think of (A')! as V*.
O[Proposition 8.1.9]
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8.4. The Kirillov model. As a preparation to the proof of Theorem 7.5.4 in the setting where the
exponential sheaf does not exist, we discuss the fomalism of Kirillov (as opposed to Whittaker) models.

8.4.1. Let Y be a stack equipped with an action of GL. For every subset J C I, denote by

Gon=0s)«

Shv(Y) s -a — Shv(Y)

the embedding of the full subcategory Shv(‘j)Gg.

— — J
The above functor admits a left and right adjoints, denoted (is)* and (i)', explicitly given by Av(,G“

GJ .
and Av,“, respectively.
8.4.2. Let Shv(Y); be the quotient of Shv(Y);.c obtained by modding out with respect to all
Shv(Y) /. with J' O J. Denote by (js)* = (js)' the projection
ShV(H)J.Cl - ShV(%)J

This projection admits left and right adjoints, denoted (js): and (js)«, respectively.

8.4.3. Denote
(is):= ()10 (o) and (is)« := (i)« 0 (js)x, Shv(Y)s — Shv(Y).
These functors admit right and left adjoints, given by
(i0)' = (3s) o (in)  and (is)" == (35)" 0 ()",
respectively.

Thus, we obtain a stratification of Shv(Y) with subquotients Shv(Y).

8.4.4. In particular, we have the “open stratum” corresponding to J = {).

Note that the essential image of (jp)i (resp., (jg)«) consists of objects for which the !- (resp., *-)
averaging for any coordinate copy of G, C G vanishes.

On general categorical grounds, we have a natural transformation

(8.5) (Go)r — (o)«

8.4.5. Let now T be a torus equipped with a surjection onto GZ,. Denote
Zc = ker(T — GL).
Assume that the action of GL on Y can be extended to an action of T' x GI.

Then the discussion in Sects. 8.4.1-8.4.3 is applicable to Shv(Y/T). In particular, we obtain the
sub/quotient categories

Shv(Y/T).-c1 and Shv(Y/T)s,

and the corresponding functors

(s /T)r, (ig/T), (is/T), (is/T)", etc.
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8.4.6. For the next few subsection we will assume that we are in the situation in which the exponential
sheaf exists, and we will explain the connection with the Whittaker picture.

Consider the full subcategories

Whit™* (Y x (A")") ¢ Shv(Y x (A")')
and
Whit™* (Y x (AT c Shv(Y x (1)),

cf. Sect. 8.1.5.

Consider the corresponding functors

i Whit™ (Y x (A" — 0)") — Whit™" (Y x (A")")
and
G/T) : Whit™* (Y x (A" —0)")" — Whit™* (Y x (A")")T.
Recall now that according to Sect. 8.3.1, we have an equivalence
Whit™" (Y x (A")") ~ Shv(Y),

explicitly given by - (equivalently, *) direct image along the projection Y x (A')Y — Y.

This induces an equivalence
(8.6) Whit™" (Y x (AN ~ Shv(Y,/T).

The following is an elementary verification:
Lemma 8.4.7. The equivalence (8.6) fits onto the commutative diagram

Whit™ (3 x (A1 — 0)")" 9T Wit (4 x (41)")7

Nl lN
Shv(Y/T)g So/Dr Shy(y/T).
8.4.8. Note that using the element (1,...,1) € (A')!, we can identify
Shv(Y x (A" —0)")") ~ Shv(Y/Zc)
Under this identification, the subcategory
Whit™* (Y x (A" —0)")" € Shv(Y x (A" —0)")")
corresponds to
Whit(Y/Zg) C Shv(Y/Za).
We claim:
Lemma 8.4.9. The equivalence
Whit(Y/Zc) ~ Whit™" (Y x (A" —0)")" ~ Shv(Y/T)g
is given by the composition
Whit(Y/Ze) — Shv(Y/Zc) " Shv(y /1),
whose image lands in Shv(Y/T)y C Shv(Y/T).
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8.4.10. We now return to the situation when the exponential sheaf does not necessarily exist. We let
Y = GI, equipped with a natural action of T x GI.

Note that due to monodromicity, the essential image of the embedding

Shv(GL/T)e ' Shv(GL/T)
consists of objects whose !-restrictions to
GlcGL, J#1
are 0. Le., these are objects that are *-extended from (G, — 0)” < Gl

Similarly, the essential image of the embedding

Shv(GL/T)g (o)~ Shv(G./T)

consists of objects whose *-restrictions to
GlcGL, J#1I
are 0. Le., these are objects that are !-extended from (G, — 0)” < GL.
We obtain that the category Shv(GL/T)y identifies with
Shv((G4 — 0)"/T) ~ Shv(pt /Zg)
in two different ways®®.

In what follows we will use the identification

o

(8.7) Shv(GL /Ty %' Shv(GL/T) Y2 Shv((Ga — 0)! /T) ~ Shv(pt /Zc).
8.4.11. Denote
exp™ /T := Ryy[—r] € Shv(pt /Ze) = Shv(GL/T)o,
where:
e Rz, € Shv(pt /Zg) is the !-direct image of e € Vect = Shv(pt) along pt — pt /Zg;

e r = || is the semi-simple rank of G.

In terms of the above identifications, we have

expr”’ /T = (Jo)i(expg ' /T),
Set
exp! /T := (o). (expy ' /T).
Thus, explicitly,
expy’’ /T = (3/T)«(Rzg)[~7]
and
expy’ /T = (3/T):(Rzg)[-7].
Note that the natural transformation (8.5) gives rise to a map
(8.8) exp? /T — exp™! /T.
In other words, this is a map

(8.9) (0/T)+(Rzg)[=r] = (3/T)1(Rzg) [T,

note the direction of the arrow!

25They differ by a cohomological shift.
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8.4.12. Ezamples. Let us analyze the behavior of the map (8.9) explicitly.

. We consider the pullback of the map (8.9) to G itself. Thus, we are dealing with the map
(8.10) 3« (mi(er)) = p(m(er)),
where 7 : T — GL,.

Assume first that 7 — GI, is an isomorphism. Then both sides of (8.10), shifted cohomologically
by [r], are perverse, and the cosocle (resp., socle) of j.(egs )[r] (resp., of 5(egz )[r]) is the -function
at 0, ie., e ,. '

) » Ept

With these identifications, the map (8.9) is
9« (ecz )] = e — gu(esz ).

In the general case, both sides in (8.10) have additional direct factors, given by Kummer sheaves cor-
responding to non-zero characters of (the finite group) Zg. The map (8.10) is the natural isomorphism
on these factors.

8.5. The case when there is no exponential sheaf. In this subsection we will treat the case of
Theorem 7.5.4 when we work either over a field of characteristic 0 or in mixed characteristic.

8.5.1. We adapt the formalism of Sect. 8.4 to Buny ;. ), using the method of Sects. 8.3.4-8.3.6.

Thus, we obtain a stratification of the category Shv(Buny ,y)) (resp., Shv(Buny ,wy)/T)) by
sub/quotient categories Shv(Buny ,y))s (resp., Shv(Buny ,wy)/T)s), J C I, and similarly for
Buny pwy)

8.5.2.  Consider the object
exp, 1y /T = (XI/T)*(expEI /T) € Shv(Buny, pwy) /T)o-
First, we note:

Lemma 8.5.3. For J # 0, the projection

(o) *=Go)'
—»

Shv(BunN,p(wX)) Shv(BunN7p<wX>)@

annihilates objects supported on Buny ,wy) — Buny pwy)-

Hence, we obtain that exp, s 4 /T uniquely extends to an object of Shv(Buny ,(wy)/T)e; we denote
it by
exp,19/T.

8.5.4. Unwinding the constructions, we obtain that the objects Poinc®® and Poincy?® are

(B/T)r o (o) (exPy1,9/T) and (p/T)« o (jo)«(€XPy1,9/T);
respectively, where (p/T): =~ (p/T)«, since the map p is proper.
Moreover, the map (7.9) is induced by the natural transformation (8.5).

Hence, in order to prove Theorem 7.5.4, it suffices to show that for J # (), the essential image of the
functor

(8.11) Shy(Buny pwy)/T) - =87 Shy(Buny pwy/T) 25 Shy(Bune)
lies in the essential image of the functor

Shv(Buny) =5 Shv(Bung),
where P — M are the standard Levi and parabolic corresponding to J.

This is done by a manipulation similar to the one used in the proof of Proposition 8.1.8. We elaborate
on this below.
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8.5.5. We stratify Buny ,(wy) by

P i>\ P
(Buny pwy))x < Buny,pwy),

and consider the corresponding categories

Shv(Bunyptwx))a/T) a0 =87 Shy((Buniy pwy))r/T).

We will show that the composition

ST (ix) = T =)
(8.12)  Shyv((Buny pwx))r/T) st 25 Shv(Buny, ey )/T) s 7287

— Shv(Buny pw ) /T) @/ Shv(Bung)

factors as .
Shv((Buny, pwx))a/T)s-c1 = Shv(Bunyy) = Shv(Bung),
where P is the standard parabolic corresponding to J C I.
This follows from the Cartesian diagram
(Buny, p(wx))r/T

(Bung x XW)/T £ (Bunp( % XNy /T
ung

Bunp

Bunp —ar Bunj,
ppl

Bung,

using the following observation:
Lemma 8.5.6. The functor of *-pullback along ‘qp gives rise to an equivalence

Shy((Bunp XNY/T) = Shyv((Buny, pwy))r/T) 1.

inp
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O[Theorem 7.5.4]

9. LANGLANDS FUNCTOR AND EISENSTEIN SERIES

The goal of this section is to prove Theorem 1.4.6.

Remark 9.0.1. The proof that we will give applies in any sheaf-theoretic context (e.g., de Rham and
Betti). We note, however, that the construction of the isomorphism of functors stated in Theorem 1.4.6

is a priori different from that in [GLC3, Theorem 14.2.2].

The reason that we give a (different) proof here is that some ingredients of the proof in [GLC3|

(specifically, the semi-infinite geometric Satake) have only been developed in the de Rham context.

It is a good (but potentially quite involved) exercise to show that the two isomorphisms actually

agree.
9.1. Reducing to a statement about L, ... This step is parallel to [GLC3, Sect. 14.2.3].
9.1.1. Denote
Eisciae 7= Tigreets © Biscoarie 0 Spgrentr,  QCoh(LS}F™) — QCoh(LSE™).
In other words,
Bissoifis = (b7, 0 (a7,

TSP€C is schematic, so the functor (p~°P°°). is well-behaved.

note that map p



68 DENNIS GAITSGORY AND SAM RASKIN

9.1.2. We claim that in order to construct the datum of commutativity for the diagram (1.6), it is
enough to do so for the diagram

restr

ShVNilp(BunM) M} QCOh(LS?&Str)

(91) EiS:pP(wX)[é(N;)ﬂP(wx)]l lEiSC_O’:F;ZC

Shvnip(Bung) ——— QCOh(Ler_estr).

restr
L
G coarse

Indeed, to prove the commutativity of (1.6), it is enough to show that the two circuits are isomorphic
when evaluated on compact objects of Shvnii,(Bung).

Note that diagram (9.1) is obtained from diagram (1.6) by composing both circuits with
Ty greutr  IndCohninp (LSE™) — QCoh(LSE™).

Since the functor TES{QS” is fully faithful on the eventually coconnective subcategory, it suffices to
G

show that both circuits in (1.6) send compact objects in Shvnip(Bung) to eventually coconnective
objects in IndCohNilp(LSgS")_

9.1.3. We first show this for the anti-clockwise circuit.

The functor Eis,” preserves compactness, and hence so does its translated version Eis!_pp (wx)" Hence,
the required assertion follows from Theorem 1.1.10.

9.1.4. We now consider the clockwise circuit. The top horizontal arrow sends compact objects to
eventually coconnective objects again by Theorem 1.1.10 (applied to M).

Finally, the functor Eis_jshe has a bounded cohomological amplitude on the left, since the morphism

q P is quasi-smooth.

9.2. Method of proof. The proof will be a geometric counterpart of the computation of Whittaker
coefficients of Eisenstein series, coupled with (the parabolic version of) the theory developed in [BG2]
and [FH].

9.2.1. Recall that the functor Eis;” extends to a QCoh(LS¥*")-linear functor

(9.2) QCoh(LS'$>") ® Shvyilp (Bunas) — Shv(Bung),
Qcoh<Ls§§m)

—,part.enh

see the proof of Proposition 1.4.2. We will denote the functor in (9.2) by Eis,

We will denote by Eis!_f’)i"’(r:f)’h the precomposition of Eis; P*"**"" with the corresponding translation

functor (this is well-defined as the action of QCoh(LS'$™) on Shvnip (Bunas) commutes with central
translations).

Remark 9.2.2. The functor Eis,_ ;;1; a(r:;r)’h corresponds under the Langlands functor to the functor

Eis~sPecpart-enh oty died in [GLC3, Sect. 12.6-7].

9.2.3. In order to construct the commutativity datum for (9.1), it suffices to do so for the diagram

. 149 GL57 Honree .
QCOh(LSrPsir) ® ShVNi]p(BunA{) - QCOh(LS;-Dei r)
QCOh(LS?\ZS“)
..—,part.enh
(93) Elsy,p;(:x) [5(N;)9P(WX)]J, l(q”sf’cc)*
ShVNilp(BunG) ]LreT> QCOh(LSrC?Str),

G ,coarse

Since both circuits in (9.3) are QCoh(LS{*"")-linear, in order to construct the commutativity datum
for (9.3), it is enough to do so for its composition with the functor I'y(LSE*", —).
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Thus, we need to construct the datum of commutativity for the diagram

., 1 QLT e .
QCoh(LS%*™) @  Shvup(Buna) ———< QCoh(LSE)
QCOh(LSR‘:}S")
..—,part.enh restr
(9.4) Elslﬁp;(:)X) [6(NI;)PP(WX)]l lrl(Lspj =)
ShVNilp(Bung) —V> Vect .
(:ocffcaC
9.2.4. Denote

QE°P = q (O grestr) € ComAlg(QCoh(LSYE™)).
sk
The morphism q~°P°¢ is “as good as affine” (see [GLC2, Sect. 12.7.5] for what this means). Hence,
we can identify
QCoh (LS ® Shvxilp (Bunas) ~ Q5°°-mod(Shvii, (Bunas)).

QCoh(Lskestr)

The datum of the functor Eis, "’ art-enh .an be interpreted as the action of Q%°P, viewed as a monad
on Shvyiip (Bunas), on the functor Eis, .

Thus, the datum of commutativity of (9.4) can be stated as an isomorphism of functors

(9.5) coeff&™ oEis; , 1[0 ] & coeff Y2 o Q8P % —)

Np >pp (wx)
as functors
Shvnip (Bunas) — Vect,

acted on by the monad Q#'°". In the above formula, (=) % (—) denotes the action of QCoh(LS}*") on
Sthup(BunM).

In what follows we will construct an isomorphism (9.5); its compatibility with the action of QsleP
would follow by unwinding the construction of [BG2] and [FH]?¢, see Remark 9.3.13.

9.2.5. Recall the category Rep(M)ran, which acts on Shv(Bunas). Its action of Shvai, (Bunas) factors
through the localization functor

Locj\gec’reStr : Rep(M)Rran — QCoh(LSZ™),
see [AGKRRV1, Sect. 12.7.1].
Let Q'°° € Rep(M) be the commutative algebra
Cenev(fip).
We attach to it the commutative factorization algebra
Fact(22'°°) € Rep(M)Rran,

which we view as a (commutative) algebra object with respect to the (symmetric) monoidal structure

on Rep(M)Ran, see [GLC2, Sect. B.10.4].
By [GLC3, Sect. 12.3.5], we have
leob ~ Locs@pec,restr (Fact(Ql()C))7
as commutative algebra objects in QCoh(LS}"™).

26More precisely, this follows by combining the Koszul duality statement in the proof of Corollary 6.4.1.2 with the
proof of Proposition 4.5.4.1 in [FH].
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9.2.6. We can view Fact(€'°°) as a monad acting on Shv(Bunys). We will prove the following gener-
alization of (9.5):

Theorem 9.2.7. There exists a canonical isomorphism

coeff & OEiS ,, (wy) 0 ] = coeff } o(Fact(Q2'°°) % (—))

(N;)pp(wx)

as functors Shv(Buny) — Vect, where (=) x (=) denotes the monoidal action of Rep(M)ran on
Shv(Bung).

Remark 9.2.8. One can view formula (9.5) as a geometric counterpart of the classical computation of
the Whittaker coefficient of Eisenstein series.

The latter says that the Whittaker coefficient of Eisenstein series of an automorphic function on M
equals the Whittaker coefficient of a particular Hecke operator applied to that automorphic function.

The Hecke functor Fact(Q'°°) is the geometric counterpart of that classical Hecke functor.

Remark 9.2.9. Theorem 9.2.7 is equivalent to a (particular case of) [GLC3, Corollary 10.1.5], and its
proof is parallel to that of [GLC3, Theorem 10.1.2] in Sect. 10.3 of loc. cit.

The essential difference?”, however, is that our key computational ingredient here is Proposi-
tion 9.3.12, whereas in [GLC3] it is Proposition 10.6.8 of loc. cit., which uses the local theory
developed in that paper, specifically Corollary 2.5.2 in loc. cit..

9.3. Proof of Theorem 9.2.7. We will give a proof when char(k) is positive, i.e., when the Artin-
Schreier sheaf exists; the proof in the characteristic zero case is completely parallel: one replaces the
Artin-Schreier sheaf by the procedure of [GLC1, Sect. 3.3].

9.3.1. Denote

Buny pwy) = Bung BanT{p(wX)}’

and denote by
X : Buny pwy) — Ga
that map

XI ] sum
Buny pwy) = Go = Ga.
Let p denote the projection
Buny pwy) — Bung.

Recall that the functor coeff V¢ is by defintion

(9-6) C (Buny p(ux): P (=) @ X' (exp,,)),

where exp,, denotes the Artin-Schreier sheaf on G4, normalized so that it behaves multiplicatively with
respect to the !-pullback.

9.3.2. Recall that the functor Eis, is defined by

(9.7) (P10 (q7)" (=) [dim. vell,
where:
e p~ : Bunp- — Bung;
e q :Bunp- — Bunuy;
e dim.rel is the dimension of Bunp- over Bunas (it depends on the connected component of
Bunyy).

27Alluded to in Remark 9.0.1.
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9.3.3. Let

1/3:1;1137 PR - Bunp-
|
Bung
denote Drinfeld’s relative compactification of Bunp- along p~. Denote by q~ the map ]§E1P_ —
Bunys.

Note that the ULA property of the object ji(

§BunP,) € Shv(Bunp- ) with respect to g~ (see [BGI,
Theorem 5.1.5]) implies that the natural transformation

310 @) (2) = ilepun, ) (@) (=) = ilepun, ) ® @) (-)2dim(Buna)
is an isomorphism.

Hence, we can rewrite

(9.8) Eis; (=) =~ (p )« ((a_)l(—) G‘E) j!(QBunP_ )) [2dim(Bunys) + dim. rel].

9.3.4. Consider the diagram

Buny pwy) X Bunp-
Bu

Bung,
By base change and projection formula, we obtain:

(9.9)  coeff & oBis; (—) ~

= (Bunya) % Bunp ((9) 0 (@) & e, ))& ((57) 0 X (ex0) )

[2dim(Bunys) + dim. rel].
9.3.5. Let

(BunN,p(wX) X é—l;lpf)trCBunN’p(wX) X Bﬁu/npf
Bung Bu

be the open substack corresponding to the condition that the N-reduction and the generalized P~ -
reduction of the G-bundle are transversal at the generic point of the curve:
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(Buny,pwy) X Bunp-)"
Bung

Buny pwy)

As in [GLC3, Lemma 10.6.3], we have:

Lemma 9.3.6. The natural transformation

c (BunNWX) _x Bunp—, ()0 (@)'(-)

G
. Do tr 7 try! ~—\!
¢ ((Buns i x Bine )" (6" 0 (G
ung
is an isomorphism.

Hence, we obtain that the expression in (9.9) can be rewritten as

(010) C© ((BunN,p<wX> x Bunp )" (('P") 0 (@) (2) ® gilepun, ) @ (B0 x’<expw)))
ung
[2dim(Bunys) + dim. rel].
9.3.7. Recall the (parabolic) Zastava space

Zast := (Bunp x Bunp-)",
Bung

which is the open substack of Bunp x ]:D)Tl;lpf, corresponding to the condition that the P-reduction
Bung

and the generalized P~ -reduction are transversal at the generic point of the curve, see [BFGM, Sect.
2.2 and Proposition 3.2].

The stack Zast is endowed with a map
s : Zast — Hecke(M)Rran/,

where:
e Ran’ is the sheafification of the Ran space in the topology of finite surjective maps;

e Hecke(M)Ran is the corresponding version of the Hecke stack for M;

Remark 9.3.8. In the formulation in [BFGM], the map s rather goes to a version of Hecke(M) over the
space of colored divisors on X, which is the union of schemes of the form

X®.=nxC) ez’
i )
where ¢ runs over (a subset of) the Dynkin diagram of G.

There is no map from X ®) to Ran, however, there is one to Ran’; namely it comes from the map

X" : =11 X™ — Ran,
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which is invariant with respect to
Yp =135,
1

where 33, is the symmetric group on n letters.

9.3.9. Note that the stack (Buny () X étl/npf )™ that appears in (9.10) is canonically isomorphic
Bung
to

Buny . px) X Zast,

where:
e N(M) is the maximal unipotent subgroup of the Levi M;

e The map Zast — Bunjs is the composition
Zast = Hecke(M )gan 2 Buny .

Under this identification, the map
7 tr

(Buny pwy) x Bunp-)" > Bunp- & Buny
Bung

corresponds to

id x5
BunN(M%p(wX) X Zast —
Bunj,

x  Hecke(M)Ran — Hecke(M)Ran/ LN Bunyy .

Bunjs, h

— Bunyan pwx)

9.3.10. Let us denote by

Q, € Shv (BuHN(IM),p(wX) X Hecke(M)Ran/)

Bunys, h
the object equal to the *-direct image along

— + id xs
(Buny,pwy) X Bunp—)" ~Buny(am)pwy) X Zast —»
Bun Bun),

— BunN(M),p(wX) X HHeCke(M)Ran’
Bunjps, h

of
1 —

(( /ptr)! ° j!(gBunP, )) ® (( /fﬁ—,tr)! o X!(expw)) (S ShV((BunNyp(wX) 5 X BunP_)tr).
ung
Let us denote by 72 the projection
Bunyay,pwyx) X Hecke(M)gan — Hecke(M)gan -
Bunjps, h

Applying the projection formula, we obtain that the expression in (9.10) identifies with

1 %| ’
(9.11) C' | Buny(m),pwy) X HHecke(M)Ram/,(7“‘2o h'(=)) ® Qy

Bunjs, h

[2dim(Bunys) + dim. rel].
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9.3.11. Consider the map

(9.12)  transl, . (wy) : Bunyn, oy wx) X <_Hecke(M)pml/ —

Bunyy, h
— Bunyoanpwy) X . Hecke(M)Ran',
Bunyy, h
given by (central) translation by pp(wx).
Let r1 denote the projection
Buny o (wyx) X ‘_Hecke(M)Ranr — Buny(ay,ppr(wx) -

Bunjs, h
Here is the key computational input in the proof of Theorem 1.4.6:
Proposition 9.3.12. The pullback of 0y along (9.12), viewed as an object of
Shv(BunN(M%pM(wX) X FHecke(M)Ran/),
Bunyy, h

shifted cohomologically by

[2dim(Bunps) + dim. rel +6 I,

(Np)pp(wx)
identifies canonically with

(1} © Xhr(exp,.)) & (Satiy o Fact(2°)),
where:
o X Bunyary,pnwx) = Ga is the counterpart of the map x for M.
e Sat}} : Rep(M) — Sph,, is the naive geometric Satake functor;

e By a slight abuse of notation, we denote by Satyy o Fact(€!°%)) the image of the corresponding
object under the equivalence

Shv(Hecke(M )ran) =~ Shv(Hecke(M)Ran)-
Remark 9.3.13. Recall that in order to deduce Theorem 1.4.6 from Theorem 9.2.7 we also need to know
that the isomorphism (9.5) is compatible with Q8°"-actions.

This compatibility follows from the corresponding property of the isomorphism of Proposition 9.3.12.

9.3.14. Let us assume Proposition 9.3.12 for a moment and finish the proof of Theorem 9.2.7.
Indeed, combining (9.11) with Proposition 9.3.12, we obtain that the functor

Vac o
coeff & oE1s!‘pP(wX)[6<N;)pp(wx)}

is isomorphic to

! gl !

C (Bunvanpuwx) % Hecke(M)raw, (s 0 h'(=)) @ (r} © X (exp,,)) @ (Sath o Fact(2))

Bunjs, h

By base change and projection formula, the letter expression identifies with

—

! by ! ! nv oc ! !
(9.13) C (BUHN(M),,;M(wX)7 p'M(h*(h'(f) ® (Sat}hy o Fact(Q' )))) ® XM(expw)) ,

where

P Buny (ar,pp (wx) — Buna .

We have, by definition:
«— -, | |
s (h‘(—) ® (Sathy oFact(Q))> ~ Fact(Q°°) x (—),

as endofunctors of Shv(Bung).
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Thus, the expression in (9.13) identifies with
!

C (Buan>,pM(wx>, i (Fact(2°) + (=) @ x!M(expw)) ~ coeff 7 (Fact(2*°) = (-))

as required.
O[Theorem 9.2.7]

9.4. Proof of Proposition 9.3.12.

9.4.1. Note that the map y is a sum of two maps x™ and xV7, where the former is the sum over the
simple roots in the Dynkin diagram of M and the latter is the sum over the other simple roots.
Note that the composition
J~— tr

— M
P X
BunN(M)’p(wX) X Zast:BunMp(wX) X Bunpf — BunN’p(wX) — Ggq
Bun ), Bung

identifies with
BunN(M)m(wX) 5 x  Zast BunN(M)’p(wX) wn Gg.

unps

Denote by QXNP the object of Shv (BunN(M),pwx) X Hecke(M)Ran/) defined in the same way
Bunjs, h
as , but with x replaced by xnr.

By base change Proposition 9.3.12 is equivalent to the isomorphism

(9.14) (translpp(wx))! (2, ~p)[2dim(Buny) + dim. rel +§ ] ~ Sat}} o Fact(€'°°)

(Np)pp(wx)
as objects in
Shv(Buny(ay ppr(wx) X FHecke(M)Ran/).
Buny, b
9.4.2. Let
Zaost j@t Zast
be the open Zastava, i.e., the corresponding open

(Bunp x Bunp-)" C Bunp x Bunp-.
Bung Bung

tr /Str the map

By a slight abuse of notation, let us denote by ’'p*" the map Zast — ]:%—1\1;1137 and by

Zast — Bunp- .

Since the stacks below involved are smooth, we have

('B")!(epun, ) ~ & o [2(dim(Zast) — dim(Bunp-))].
From here we obtain a map
(9.15) (za (e, o )[2(im(Zast) — dim(Bunp-))] > ('p™)" 0 i (epan, )

The next assertion is [Lin, Lemma 4.1.10]:

Lemma 9.4.3. The map (9.15) is an isomorphism.
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9.4.4. From Lemma 9.4.3, we obtain that the object
Q ~p [2dim(Bunyy) + dim. rel +0,

Nplop(wx)

is isomorphic to
(9.16) (id xs). ((r; o (jZaSt)!(gzsst)) & ((57,“)! o (XNP)!(expw))) [dim(Zast)].

The required isomorphism between the pullback of (9.16) along transl,,(.,) and the object
Saty o Fact(€'°°) follows from [Ral, Sect. 4.6.1] (for P = B) and [FH, Theoren 1.4.3.1] (for an
arbitrary parabolic).
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