PERVERSITY OF COINVARIANTS OF AFFINE SPRINGER SHEAVES

ALEXIS BOUTHIER, DAVID KAZHDAN, AND YAKOV VARSHAVSKY

ABsTrAcT. Using techniques of [BKV], we construct a perverse t-structure on the co-category
of ¢-adic £ G-equivariant sheaves on the regular-semisimple bounded locus of the loop group £L G
and prove that the derived 7-coinvariants of affine Grothendieck—Springer sheaves are perverse.
Our main new ingredient is a theorem of Yun [Yun2] on compatibility of actions.
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0.1. The finite-dimensional case. (a) Let G be a connected reductive group over an algebraically
closed field k, and let T C B and W be a maximal torus, a Borel subgroup and the Weyl group of

G, respectively. Consider the diagram

G/c) 2 (B/B] 5T,

where [G/G] and [B/B] denote quotient stacks corresponding to the adjoint actions, morphism ™"
(called the Grothendieck—Springer resolution) is induced by the inclusion B < G, and morphism

pr is induced by the projection B — B/R,(B) ~T.
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(b) To every local system £ on T', we associate the Grothendieck—Springer sheaf
SE" = (p™) pr(£)[dim G] € D([G/G)).

Since [B/B] is a smooth stack, while Eﬁn is a small morphism, the sheaf SE“ is perverse and is the
intermediate extension of its restriction to the regular semisimple locus [G™/G].

(¢) Moreover, if £ is W-equivariant, then SE“ is equipped with a W-action. In this case, for
every representation T € Rep@l(W) one can form its T-isotypical component

Spi=7 g, w] St e D([G/aq)),

which is again a perverse sheaf, and is the intermediate extension of its restriction to [G"/G].
Furthermore, SE?T is irreducible, if £ and 7 are irreducible.

The goal of this work is to prove analogs of these results for loop groups, using constructions
and results from [BKV].

0.2. The affine case. (a) Let £L7(G) and £ G be the arc group and the loop group of G, respec-
tively, let ev : £L(G) — G be the projection (see Section 2.1.1), and let I :=ev=1(B) C L*(G) be
the Iwahori subgroup scheme.

(b) Let € C L G be the locus of “bounded elements”. More precisely, we define € C L G to be the
preimage € := (L x)~1(L*(c)), where ¢ := Spec k[G]¢ is the Chevalley space of G, Lx : LG — L¢
is the morphism between loop spaces induced by the projection x : G — ¢, and £¥(¢) C Lc is the
arc space of ¢. Consider the diagram

€/ LG & [1/1) 2 T,
where [€/ L G] and [I/I] denote quotient stacks corresponding to the adjoint actions, morphism p
(called the affine Grothendieck—-Springer resolution) is induced by the inclusion I < ¢ C LG, and
morphism pr : [I/I] — T is induced by the projection I = B 2 T.
(c) Let £ be a prime number different from the characteristic of k. Every oco-stack X' over k
gives rise to a stable oo-category D(X) of ¢-adic sheaves on X, and every morphism f: X — ) of

oo-stacks gives rise to a pullback functor f': D()) — D(X) (see Section 1.2.1). In particular, to
every oo-stack X one can associate a dualizing sheaf wy € D(X), defined to be the !-pullback of
Q; € D(pt).

(d) As in the Lie algebra case, the projection p is ind-fp-proper, where “fp” stands for finitely-
presented (see Section 2.3.1(b)), therefore the pullback p' : D([€/ £ G]) — D([I/1)) has a left adjoint
P, (see [BKV, Proposition 5.3.7]). For every local system £ on T, we set

S :=ppr(wr ® £) € D([€/ LG]),

and call it the affine Grothendieck—Springer sheaf.

(e) We denote by €, C € the open ind-subscheme such that €4(k) = €(k) N G™(k((t))), set
I, :=IN¢,, and let p, : [[o/I] = [€o/ LG] and S;.e € D([€s/ L G]) be the restrictions of p and
let S¢, respectively.

0.3. Main results. (a) Assume that the derived group G9¢* of G is simply connected and that
the order of W is prime to the characteristic of k. In this case, we show that the stable co-category
D([€e/ L G)) is equipped with a natural perverse ¢-structure.
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(b) Assume further that the characteristic of k is either zero or greater than 2h, where h is the
Coxeter number of G.' In this case we show that for every local system £ on T, the sheaf S; .
is perverse, and is the intermediate extension of its restriction to the locus [€<o/ £ G] of bounded
elements with regular semisimple reduction. Moreover, we show that if the local system Lis W-
equivariant, then Sg o is equipped with a natural action of the extended affine Weyl group W of G.

In this case, for every representation 7 € Rep@l (W), one can form the 7-isotypical component

R L
SL,Q,T =T ®@Z[W] Sﬁ,o S D([Q:o/»CG])

(c) Furthermore, we show that Sz o is W -constructible, that is, the quotient stack [¢,/ £ G] has
a constructible stratification such that !-restriction of Sz o to each stratum is a local system, whose

fibers are perfect complexes of Q; [W]—modules. Therefore, for every finite-dimensional representa-

tion 7 € Repg, (W), the 7-isotypical component Sg . - is constructible.

(d) Finally, the main result of this work asserts that for every representation 7 € Repg, (W), the
T-isotypical component S o ; is perverse.

0.4. Remarks. (a) Note that while the Lie algebra analogs of parts (a)-(c) were known before,
the Lie algebra analog of part (d) is new.

(b) Unlike S o, we do not expect that perverse sheaf Sg o - is always the intermediate extension
of its restriction to [€<o/ £ G]. Similarly, we do not expect that Sz o - is always irreducible, when
L and 7 are irreducible.

0.5. Outline of proofs. (a) Since G is assumed to be simply connected, the Chevalley space
¢ is smooth. Then, mimicking the Lie algebra case, considered in [BKV], we show that the stack
[€s/ LG] is placidly stratified, that is, has a constructible stratification {[€y /L Glred}wr such
that each stratum is a placid stack. Therefore each D([€,, r/ L Glrea) is equipped with a canonical
(l-adapted) perverse t-structure, and the perverse structure of D([€,/ £ G]) is constructed by gluing.

(b) As in the Lie algebra case, to prove the assertion of Section 0.3(b), we show that the affine
Grothendieck—Springer fibration p, : [I./I] — [€s/ £ G] is small. Moreover, we deduce the smallness
from codimension formula for Goresky—Kottwitz—MacPherson strata, dimension formula for affine
Springer fibers §l, and flatness of projection v, : I, — L,(c) between truncated arc spaces.
Finally, we deduce the flatness of v,, from the corresponding result for Lie algebras using Jordan
decomposition and identifying the unipotent locus of the group with the nilpotent locus of the Lie
algebra.

(¢) To show the assertion of Section 0.3(c), we prove the finiteness properties of the Grothendieck—
Springer fibration p,, mimicking the Lie algebra case.

(d) Since Sg,e is perverse and the functor of T-coinvariants is right t-exact, to show the perversity

of 8¢« - it suffices to show that Sz o » € PDZ9([€,/ L G]). Moreover, using Section 0.3(c), we show
that it suffices to prove that for every v € €,(k), we have an inclusion

(0.1) RT (3L, we)r € D=7,

where §l, denotes the affine Springer fiber, RI'.(§l,,w,), denotes the T-coinvariants of the coho-
mology with compact support of the pullback of wr ® £, and d is an explicit integer.

Finally, we deduce the inclusion (0.1) from the group analog [BV, Theorem 2.3.4] of a theorem
of Yun [Yun2] on the compatibility of actions.

n [BKV] we forgot to impose this condition (see footnote after the formulation of Theorem 2.1.3 below).
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0.6. Remark. Though we knew for a long time that the perversity of Sg o , follows from inclusion
(0.1) and that inclusion (0.1) should follow from the theorem of Yun, we were able to complete the
proof of inclusion (0.1) only recently. The missing step was Proposition 1.4.3, and it was motivated
by a nice trick explained to us by Zhiwei Yun.

0.7. Relation to character sheaves. (a) Perverse sheaves SE?T provide examples of Lusztig’s
character sheaves, which play an important role in the representation theory of finite groups of Lie
type.

(b) Likewise we expect that perverse sheaves S¢ o » provide examples of affine character sheaves,
whose general definition is currently unknown, but which are expected to play a similarly important
role in the representation theory of p-adic groups (compare Section 0.8 below).

0.8. Relation to local Langlands conjectures and stability. (a) The local Langlands conjec-
ture predicts that the set of isomorphism classes of smooth irreducible representations of G(F,((¢)))
has a natural partition into finite subsets II,, called L-packets.

(b) Moreover, it is expected that the linear span Span{xn}rem, of characters of = € II\ has
another basis {x%}. such that each x4 is “£y .-stable”. Furthermore, it is expected that the x%’s
are obtained from perverse (affine character) sheaves on [£ G/ L G] by the “sheaf-function corre-
spondence”.

(¢) Using results of [BV], the perversity of Sg o - implies a version of the conjecture from part (b)
for L-packets of cuspidal Deligne-Lusztig representations, introduced in [KV].

0.9. Plan of the paper. The paper is organized as follows:

In the Section 1 we carry out geometric preliminaries: First, in Section 1.1, we recall various
notions from [BKV], including placid oo-stacks, placidly stratified co-stacks and small morphisms.
Next, in Section 1.2, we introduce I'-constructible and essentially constructible sheaves on oo-
stacks and study their properties. We also introduce a subclass of placid co-stacks, which we
call admissible. Then, in Section 1.3, we recall a construction of perverse ¢-structures on placidly
stratified co-stacks, introduced and studied in [BKV], and give several criteria we need later. Finally,
in Section 1.4, we show several simple properties of quasi-coherent sheaves, which play a central
role in the proof of our main theorem.

In Section 2, we prove group analogs of some of the results of [BKV]: First, in Section 2.1, we
show flatness of the Chevalley map for truncated arc spaces, deducing it from its analog for Lie
algebras. Next, in Section 2.2, we introduce a GKM-stratification and give a proof of a formula
for the codimension of strata, which is much shorter than the original one. Finally, in Section 2.3,
we study basic properties of the affine Grothendieck—Springer fibration, essentially mimicking the
corresponding assertions for Lie algebras.

In Section 3, we introduce affine Grothendieck-Springer sheaves S, o and study their properties.

First, in Section 3.1, we show that each S o is perverse, equipped with a natural W-action and
that the induced action on homologies of affine Springer fibers coincides with the action constructed
by Lusztig. Finally, in Section 3.2, we show the main result of this work asserting that sheaves of
T-coinvariants S; o - are perverse. For completeness, we also show the corresponding assertion for
Lie algebras, whose proof is almost identical.

0.10. Acknowledgments. We thank Zhiwei Yun who explained to us a nice simple trick, which
was crucial for the proof of our main theorem. We also thank an anonymous referee for useful
comments.
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1. GEOMETRIC PRELIMINARIES.
1.1. Placid stacks and small morphisms. In this section we recall certain construction from [BKV].

1.1.1. Infinity-stacks. Let & be an algebraically closed field.

(a) Let Schy, Affy and AlgSp,, be the categories of schemes, affine schemes and algebraic spaces
over k, respectively, let Schff,Aﬂ“it and AlgSpfﬂt be the subcategories of schemes, affine schemes
and algebraic spaces of finite type over k, and let & be the oo-category of spaces, which are often
referred as co-groupoids.

(b) We denote by PreSt; the co-category of G-valued presheaves on Affy, that is, of functors of
oo-categories Affy” — &, usually called co-prestacks over k. We denote by Sti, C PreSty, the full
oo-subcategory of sheaves in the étale topology Aff}” — &, called co-stacks.

(¢c) We call a morphism X — Y of oo-stacks a covering, if it is a surjective map of sheaves.
Explicitly, this means that for every morphism Y — Y with Y € Affy, there exists an étale covering
X — Y of (affine) schemes such that the composition X — Y — ) has a lift X — X.

(d) Generalizing classical construction for (affine) schemes, to every co-stack X one can associate
its reduction Xyeq (see [BKV, Section 1.4]). As in [BKV, Section 1.5.1], we say that a morphism
between oco-stacks f : X — ) is a topological equivalence, if the induced morphism Xieq — Vied
between reductions is an isomorphism.?

(e) As in [BKV, Section 2.4.1], for every oo-stack X and an co-substack Y C X, one can form
the complementary co-substack X ) C X.

(f) For an oo-stack X and a point z € X(k), we denote by ¢, the corresponding morphism
pt := Speck — X.

1.1.2. Classes of morphisms.

(a) Let (P) be a class of morphisms f: X — Y with X € St and Y € Aff, stable under base
change. We say that a morphism between co-stacks belongs to (P), if its pullback to any affine
scheme belong to (P).

(b) Using construction of part (a), we can talk about representable morphisms (corresponding to
the class of all morphisms X — Y with X € AlgSp,,), representable (locally)-fp morphisms (where
fp stands for finitely-presented), and fp-open/(locally) closed embeddings between oo-stacks.

(c) We say that a morphism f: X — Y with X € St and Y € Affy, is ind-fp-proper, if X has a
presentation as a filtered colimit X ~ colim, X, such that X, € AlgSp, for all o, each X, — Y
is fp-proper, and each transition map X, — Xg is an fp-closed embedding. Moreover, using the
construction of part (a) we can talk about ind-fp-proper morphisms between oco-stacks.

(d) We say that an co-substack Y C X is topologically fp-(locally) closed, if for every morphism
X — X with X € Affy; there exists an fp-(locally) closed subscheme ¥ C X and an isomorphism
Yied = (Y Xx X)yeq over X.

214 is more natural to require that the induced map Xpert — Vpert is an isomorphism, but this more general
notion is not needed for our purposes.
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1.1.3. Constructible stratifications (compare [BKV, Section 2.4.5]).

Let X be an oco-stack, let {X,}acz be a collection of non-empty topologically fp-locally closed
reduced co-substacks of X with X, N X3 = (), and denote by 7, : X, < X the inclusion morphisms.

(a) We say that the collection {X,,} ez forms a finite constructible stratification of X, if T is finite
and there exists an ordering a1 < -+ < a,, of Z and an increasing sequence of fp-open oo-substacks
=X C--- C A, =X of X such that for every i = 1,...,n we have X,, C X; \ X;_; and the
embedding X,, — A&; \ X;_; is a topological equivalence.

(b) For an oo-substack ) of X, we say that Y is {X, }acz-adapted, if for every a € Z, we have
either YN X, =0 or X, C Y. In which case, we set Ty, :={a €Z | X, NY # 0}.

(c) We say that {X,}aecz forms a bounded constructible stratification of X, if there exists a
presentation X ~ colimy Xy as a filtered colimit such that each Xy C X is an fp-open {X, }acz-
adapted oo-substack and the collection {Xu}aez,, forms a finite constructible stratification of
Xu.

(d) Let f : Y — X be a morphism of co-stacks. Then a finite/bounded constructible stratification
{Xu}aez of X induces a corresponding stratification {),, := f_l(Xa)red}aeI,ya¢(D of V.

1.1.4. Placid oco-stacks and smooth morphisms.

(a) We say that a k-scheme X has a placid presentation, if X has a presentation as a filtered
limit X ~ lim, X, such that X, € Schfet for all o and all transition maps Xg — X, are smooth
and affine. Such a presentation will be called placid.

(b) We call a morphism f : X — Y of k-schemes strongly pro-smooth, if X has a presentation
as a filtered limit X ~ lim, X, over Y, where all morphisms X, — Y are smooth and finitely
presented, while all projections Xz — X, are smooth, finitely presented and affine.

(c) We call a k-scheme X placid, if it has an étale covering by schemes admitting placid presen-
tations. We call a morphism f : X — Y of placid k-schemes smooth, if locally in the étale topology
it is a strongly pro-smooth morphism of schemes.?

(d) More generally, following [BKV, Section 1.3.1], we define a collection of placid co-stacks and
a collection smooth morphisms between placid oco-stacks, containing placid schemes and smooth
morphisms from part (c). By definition, for every placid oo-stack X, there is a smooth covering
X — X from a placid scheme X.

(e) A placid co-stack X will be called smooth, if the structure morphism X — pt is smooth.

1.1.5. Examples.

(a) Let G be a group scheme over k, whose neutral connected component is strongly pro-smooth,
acting on a placid scheme X. Then the quotient stack X = [X/G] is placid, and the projection
X — X is a smooth covering (see [BKV, Section 1.3.9]). Moreover, all placid co-stacks appearing
in this work are of this form.

(b) It follows from [BKV, Lemma 1.3.6(c)| that if f : X — ) is a locally fp-morphism between
placid oco-stacks such that ) is placid, then X is placid. Also, by [BKV, Corollary 1.4.5(b)], in this
case the reduction X.q is placid and the embedding X..q — X is fp-closed.

(c) Using results of part (b) one deduces that if ) is a placid oo stack and X C ) is a topologically
fp-(locally) closed reduced oco-substack, then X C ) is fp-(locally) closed and X is placid.

3As in [BKV], our smooth morphisms are not assumed to be locally finitely presented.
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1.1.6. Underlying topological space (compare [BKV, Section 2.2.1]).

(a) Generalizing the classical notion for schemes, to every oo-stack X', one associates the under-
lying topological space [X] such that

e the underlying set is defined to be the set of equivalent classes of pairs (K, [z]), where
K/k is a field extension, [z] € mo(X(K)), and (K, [2]) ~ (K", [2"]), if there exist field embeddings
K’ — K and K" < K such that [2'] and [2”] have the same image in 7o (X (K)).

e a subset U C [X] is open, if U = [U] for some open oo-substack U C X.

(b) Every morphism f : X — Y of co-stacks induces a continuous map [f] : [X] — [V] of
topological spaces. We call a morphism f : X — ) of co-stacks open, if the induced map [f] is
open. We call f universally open, if every pullback X xy Z — Z of f is open.

(¢) To simplify the notation, we will often denote the topological space [X] by X and the map
[f] by f.
1.1.7. Dimension function.

a) For every X € Schf* and z € X, we denote by dim,(X) the maximum of dimensions of
k
irreducible components of X, containing x.

(b) Following [BKV, Lemmas 2.2.4-2.2.5], to every locally fp-representable morphism f: X — )
between placid oo-stacks one can associate a dimension function dim, : [X] = Z. Namely, it is
uniquely characterised by the following properties:

(i) if X, € Schf, then we have dim ;(7) = dim, (&X) — dim(,) (V) for every x € [X];
(ii) For every Cartesian diagram of placid oo-stacks

PR

"
f
X — Yy
such that g and h are smooth and every z’ € [X”], we have an equality dim (2') = dim(h(z));
(iii) for every étale schematic morphism ¢ : Z — X between placid oco-stacks and every
z € [Z], we have an equality dim,, (z) = dim,(g(z)).
1.1.8. Equidimensional morphisms (compare [BKV, Section 2.2.6]).
(a) A locally fp-representable morphism f : X — ) of placid co-stacks is called

e weakly equidimensional (of relative dimension d), if the dimension function dim, : [X] — Z
from Section 1.1.7 is locally constant (constant with value d);
e equidimensional, if it is weakly equidimensional and satisfies dim ;(x) = dim, f~'(f(z))
for every = € [X];
o uo-equidimensional, if it weakly equidimensional and universally open (see Section 1.1.6(b)).
(b) By [BKV, Corollary 2.3.6], a uo-equidimensional morphism is equidimensional.

(¢c) We say that an fp-locally closed oo-substack X C Y of a placid co-stack Y is of (pure)
codimension d and write codimy(Y) = d, if the inclusion X — Y is weakly equidimensional of
relative dimension —d.
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1.1.9. Placidly stratified oco-stacks.

(a) We say that an oo-stack Y is Z-stratified, if it is equipped with a bounded constructible
stratification {V,}aez (see Section 1.1.3).

(b) We say that an Z-stratified oo-stack (Y, {Va}aecz) i placidly stratified, if every Y, is a placid
oo-stack (see Section 1.1.4(d)).
1.1.10. Small morphisms (compare [BKV, Section 2.4.9]).

(a) Let (V,{Vatacz) be a placidly stratified oo-stack, & C Y an fp-open {V,}acz-adapted
oo-substack, f : X — Y a morphism of oco-stacks, {X,}. the induced bounded constructible
stratification of X (see Section 1.1.3(d)), and denote by f, : X» — YV, the restriction of f.

(b) In the situation of part (a), assume that X is placid. Then, by Section 1.1.5(c), each X, C X
is a placid fp-locally closed oo-substack.

(c) In the situation of part (b), we say that f is U-small if for every « € T there exist integers
ba, 9o € N such that

(i) each X, C X is of pure codimension b;
(ii) each f, is locally fp-representable and equidimensional of relative dimension d,;
(iii) for every o € Z, one has d, < b, with a strict inequality for o € Z \ Zyy.

1.2. I'-constructible sheaves on oo-stacks. In this section we will introduced I'-constructible
sheaves on oco-stacks and show their basic properties.

1.2.1. Sheaves on co-prestacks (compare [BKV, Sections 5.2.1, 5.2.2, 5.3.1]). Let ¢ be a prime,
different from the characteristic of k.

(a) For an affine scheme Y € Affff, we denote by D.(Y) := D.(Y,Q;) the stable co-category of
constructible sheaves on Y. Then, for an affine scheme X over k, we set D.(X) := colimx_,y D.(Y),
where the colimit is taken over all morphisms X — Y with Y € Afff:, and the transition maps are
I-pullbacks. Next, we set D(X) := Ind D.(X).

(b) For an oo-prestack X over k, we set D.(X) :=limx_, x D.(X) and D(X) := limx_, x D(X),
where the limits are taken over all morphisms X — X with X affine, and the transition maps
are -pullbacks. Notice that D.(X) C D(X) is a full co-subcategory, and we call objects of D.(X)
constructible. By construction, the co-category D(X) is equipped with a !-tensor product.

(c) Notice that for every Y € Schit or, more generally, Y € Algszt the oco-category D.(Y) is
naturally identifies with the co-category of constructible sheaves on Y.

We will need the following generalization of constructible sheaves.

1.2.2. Essentially constructible sheaves.

(a) For an affine k-scheme X, we denote by Degss —(X) C D(X) the smallest full co-subcategory,
which contains D.(X) and is closed under retracts, finite colimits and tensor products — ®g, Vv,

where V is a Q,-vector space.
(b) For a morphism f : X — Y of affine k-schemes, the pullback f' preserves the co-subcategories
Dess —c(—) € D(—), so for an arbitrary co-prestack X', we can form a full oco-subcategory

Dess —C(X) = )}ILHX Dess —C(X) C D(X),

and call objects of Degs —o(X) essentially constructible.

¢) By construction, for every morphism f : X — ) of oo-prestacks, the pullback f' preserves
y ’ y p p , p p
the class of essentially constructible objects.



Lemma 1.2.3. Let X € Schi' and K € D(X). Then we have K € Doy (X)) if and only if there
exists a finite constructible stratification {X,}o of X such that for each indez «,

e only finitely many of cohomologies H'(n!,(K))’s are nonzero.

o cach H'(n!,(K)) is a finite extension of L&g,V, where L is an irreducible constructible local

system on X, and V is a Q,-vector space.

Moreover, we can further assume that each X, is connected smooth and affine, while each em-
bedding 1., : Xo — X is weakly equidimensional.

Proof. Let D.., _.(X) be the collection of all K € D(X) such that there exists a finite constructible
stratification { X, }, of X satisfying the conditions of the lemma. Then D/ _.(X) contains D.(X),
closed under retracts, finite colimits and tensor products — ®g, V and therefore containg Degs —(X).

It remains to show that every K € D/ _.(X) belongs to Dess —c(X). Since K is a finite extension
of the (n4).n},K’s, it suffices to show that each (1 ).7}, (K) is essentially constructible. Next, since
each (1)« preserve constructibility, finite colimits, retracts and commute with — ®g, V', it preserves

essentially constructibility. So it suffices to show that each 7. (K) is essentially constructible.
But this follows from the fact that each 7' (K) is a finite extension of its shifted cohomologies
H'(n!,(K))[—i] and definition of D/ X).

Finally, to show the “moreover” assertion we argue similarly but use the fact that every con-
structible stratification {X}} 4 has a refinement { X, }, such that each X, is connected smooth and
affine, while each embedding 7, : X, — X is weakly equidimensional. O

€ess —c (

1.2.4. Admissible oco-stacks.
(a) We call Y € Affl" acyclic, if the canonical morphism @, — RI(Y, Q,) is an isomorphism.

(b) Following [BeKV1, Section 1.1.2], we call a k-scheme X admissible, if it admits a placid
presentation X =~ lim, X, such that all transition maps are smooth affine and have acyclic geometric
fibers, and we will call such presentation admissible.

(c) It follows from [BeKV1, Lemma 1.1.3] that a presentation X ~ lim, X, is admissible if and
only if the pullback 7!, : D(X,) — D(X), corresponding to each projection 7, : X — X, is fully
faithful.

(d) We call a placid oco-stack admissible, if it has a smooth covering by a disjoint union of
admissible schemes.

(e) An argument of [BKV, Lemma 1.3.6(b)] shows that f : X — Y is an fp-morphism of k-
schemes such that Y is an admissible, then X is admissible.

Lemma 1.2.5. Let X be an affine k-scheme with an admissible presentation X ~ lim, X,. Then
every K € Dess —o(X) is a pullback of some K, € Degs —c(Xa).

Proof. We denote by D., _.(X) C Dess —c(X) the full oo-subcategory, consisting of objects, which
are pullbacks of some K, € Degs—c(Xo). By definition, D, _.(X) contains D.(X) and is closed
under tensor products — ®g V. It remains to show that D, _.(X) is closed under finite colimits

and retracts. But this follows from the fact that the limit X ~ lim, X, is filtered and each
7 D(X,) — D(X) is fully faithful (see Section 1.2.4(c)). O

[e3%

1.2.6. Categories of ['-equivariant objects.



(a) Let I' be a (discrete) group, and let BT be the classifying space of I'. For an co-category C,
we denote by CBT the co-category of functors BI' — C, and call it the co-category of I'-equivariant
objects in C. Explicitly, objects of CPT' are objects of C equipped with an action of T

(b) The assignment C — CPT is functorial in I'. In particular, for every homomorphism of groups
a : T7 — I'y, we have a restriction functor resg = a* : B2 = B | whose left adjoint we denote
by ind?f = oy (if exists). Notice that «; always exists, if C is cocomplete, that is, has all small
colimits.

(c) An important particular case is when « is the projection I' — {1}. In this case, oy is the
functor of coinvariants coinvp. Another important particular case is when « is the embedding
{1} — T'. In this case, a* is the forgetful functor For, and «, is the functor Free.

(d) The assignment C — CP is functorial in C. In particular, every functor f : C; — Co of
oo-categories naturally lifts to a functor f : CPU — CPY. Moreover, f commutes with functors
a* from part (b). Furthermore, f commutes with functors «y, if C; and Cy are cocomplete and f
preserves all small colimits.

1.2.7. Basic example. Let C be the derived oco-category Vect of @l—vei:tor spaces. In this case, the
oo-category CPT is naturally identified with the derived oo-category D(Q,[I') of (left) @, [T']-modules
or, what is the same, of representations of " over Q.

1.2.8. Functor of T-coinvariants.

(a) Let C be a Q;-tensored stable co-category. Then the tensor product functor
®g, : Vect XC = C: (V,K) — V&g K

defines a functor ®g, : Vect P! xCBT ~ (Vect xC)BT — CBL.

(b) Assume in addition that C is cocomplete. Then (by Sections 1.2.6(c) and 1.2.7) for every
7 € Repg (T') and K € CP', one can form 7-coinvariants

K = coinv, (K) := coinvp (7 ®g, K) €C.

(c) The assignment coinv, is functorial in C. Namely, let f : C1 — Ca be a Q,-tensored functor
between cocomplete Q;-tensored stable co-categories. Then f induces a functor f : CBY — CBT,
and for every K € CPT we have an identification f(K), ~ f(K,).

(d) Assume that C = Vect. Then every 7 € Repg (I') can be viewed as a right Q,[I']-module

(using involution ¢ : v + v~ of T'). Moreover, for every V € Vect, we have an identification
Ve~r ®g,[r] V. Moreover, a similar formula holds for an arbitrary C.

1.2.9. Equivariant sheaves.

(a) Let X be an oco-stack, equipped with an action of a group oo-stack G, and we denote by p
the projection X — [X/G]. We set DY(X) := D([X/G]), refer to objects of DY (X) as G-equivariant
sheaves on X and view the pullback p' as the forgetful functor.

(b) Notice that if G is a (discrete) group T', then the projection p : X — [X'/T] is ind-fp-proper
(see [BKV, Section 5.6.4]), thus a pullback p' has a left adjoint p; commuting with base change (see
[BKV, Proposition 5.3.7]).

1.2.10. The case of a trivial action. Let X be an oco-stack.
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(a) For every group I', we equip X with the trivial action of I". Then, using standard bar-
resolution argument, there is a natural equivalence between the co-category D(X)E! of I'-equivariant
objects of D(X) and the co-category D([X/T]) of I'-equivariant sheaves on X.

(b) A group homomorphism « : I'y — I's induces a morphism of co-stacks « : [X/T'1] — [X/T'q].
Then, under the equivalence of part (a), the restriction resp.! : D(X)Bl2 — D(X)B corresponds
to the pullback o' : D([X/T3]) — D([X/T1]), while the induction indll:; : D(X)B — D(X)BT:
corresponds to the pushforward ay : D([X/T1]) — D([X/T2]).

(¢) In particular, the forgetful functor For : D(X)BY — D(X) corresponds to the pullback
p' : D([X/T]) — D(X), hence functor Free (see Section 1.2.6(c)) corresponds to the push-forward
p1, thus justifying the conventions of Section 1.2.9.

Lemma 1.2.11. Let X be an oco-stack equipped with an action of a group T', and let p be the
projection X — Y := [X/T]. Then
(a) For every K € D(Y), the object pp' K € D(Y) has a natural lift K € D(Y)BT and satisfies

coinvp(K) ~ K € D(Y).

(b) Moreover, for every representation T € Rep@l ("), we have a natural isomorphism

~ !
coinv,(K) ~ A, ® K,
where A, = pr'(7), pr: [X/T'] — [pt /T is the canonical projection corresponding to the projection
X — pt, and we identify T with the corresponding object of D([pt /T]).

Proof. (a) Projection p gives rise to a Cartesian diagram

| |7

Y =[X/T] —— [Y/T],
where I' acts on ) trivially, and p is induced by p. Then, by base change, we get a canonical
isomorphism pip' K ~ p'(p,K), thus K := p,K € D([Y/T]) ~ D(Y)BT is a lift of pip'K.
Moreover, under the identification D([Y/T]) ~ D(Y)B, the functor coinvr corresponds to the
push-forward m : D([Y/T]) — D(Y), corresponding to the projection = : [V/T] — ). Since

mop ~ 1d, the isomorphism coinvr(K) = coinvr(p,K) ~ K follows.

. . . -
(b) By definitions, we have coinv,(K) = coinvp(r ®g, K), and 7 @5 K ~ pr (1) ® K, where
pr: [Y/T] — [pt /T] is the projection induced by the projection ) — pt. Moreover, we have

Lo~ ! ! ! !
pr(7) ® K =pr (1) © Py (K) ~ B (P'Pr (1)) © K) =~ Py (pr'(1) ® K) = By(4, © K)
by the projection formula. Hence, as in part (a), we conclude that

! !
coinv, (K) ~ coinvp(p (4, @ K)) ~ A, ® K.
]

1.2.12. I'-constructible sheaves. Assume that we are in the situation of Section 1.2.10.

(a) For every X € Affy, we denote by Dr.(X) C DY (X) the full co-subcategory of compact
objects. Alternatively, Dr .(X) C D'(X) can be described the smallest oo-subcategory, which
11



contains objects Free(K) for K € D.(X) and is stable under finite colimits and retracts. Objects
of Dr .(X) will be called I'-constructible. Notice that for every morphism f : X — Y of affine
schemes, the pullback f': DY(Y) — DI'(X) preserves Dr .(—) C DI (-).

(b) The assignment C — CP' commutes with limits. Therefore for every oo-stack X, the oo-
category D''(X) is naturally identified with a limit limx_, » D' (X), taken over maps from affine
schemes X. Hence, using part (a), we define the full co-subcategory

Dr.o(X) := Jim Dp(X) C D(X).

1.2.13. Examples. (a) Let X = pt. Then, by Sections 1.2.7 and 1.2.10(a), the co-category D' (pt)
is identified with the derived co-category D(Q;[T]) of Q;[[']-modules. Under this identification,
Dr..(pt) corresponds to the subcategory Dpert(Q;[I']) € D(Q;[I]) of perfect complexes.

(b) Note that if A is a Noetherian ring of finite cohomological dimension, then an object V' € D(A)
is perfect if and only if the direct sum of cohomology groups €, H {(V) is a finitely generated A-
module.

1.2.14. Functoriality properties. Let X’ be an co-stack.

(a) For every group homomorphism « : I'; — T's, the induction functor oy : D' (X) — DI2(X)
maps Dr, (X) to Dr, .(X). Indeed, since ay commutes with l-pullbacks, we have to show the
assertion when X is an affine scheme X. In this case, the assertion follows from the fact that the
pushforward «; : D' (X) — D'2(X) preserves compact objects.

(b) The forgetful map For : DU'(X) — D(X) maps Dro(X) t0 Dess —(X). Indeed, arguing
as in part (a), we can assume that X is an affine scheme X. Thus, it suffices to show that for
every K € D.(X) we have For(Free(K)) € Dess—o(X). But this follows from the isomorphism
For(Free(K)) ~ Q[I'] @5, K.

Lemma 1.2.15. Let X be an oco-stack, let T' be a group, and let K € D'(X).

(a) Let {X,}o be a bounded constructible stratification of X. Then we have K € Dr (X)) if and
only if n,(K) € Dr o(X,) for all a.

(b) Let f :' Y — X be a covering of oo-stacks. Then we have K € Dr . (X) if and only if
f'K € Dr.(Y).

(¢) If K € Dro(X), then for every 7 € Repg (I'), we have K; € Degs—o(X). Moreover, we have
K, € D.(X), if T is finite-dimensional.

Proof. (a) The “only if” assertion follows from the fact that the !-pullbacks preserve Dr .. For
the converse, choose a presentation X' = colimy Xy as in Section 1.1.3(c). Since every morphism
X — X from an affine scheme X factors through some Xy, we conclude that K € Dr (X) if and
only if K|x, € Dr,(Xy) for all U. Thus, replacing X and K by Ay and K|x,, we can assume that
the stratification is finite.

Next, taking pullback to an affine scheme, we can assume that X is an affine scheme. Since
K is a finite extension of the (1,).n},(K)’s, it remains to show that functors (1,). preserve I'-
constructibility. If X, is affine, the assertion follows from the fact that (n,). preserve compact
objects. To show the general case, choose a finite constructible stratification {X3} 43 of X, by affine
schemes and let ng be the composition Xg < X, < X. Then the assertion for (7). follows from
that for the (ng).’s.

(b) By construction, the !-pullbacks preserves Dr .. To show the converse assertion, notice that
for every morphism X — A& from an affine scheme X there exists an étale covering ¥ — X such
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that the composition Y — X — X has a lift Y — ). Thus, it suffices to show the assertion when
f Y — X is an étale covering of affine schemes. Then f is finitely-presented, so there exists a
finite constructible stratification {X,}, of X such that each Y, := f~1(X,) — X, is finite étale.
Thus, by part (a), we can assume that f is finite étale. In this case, the assertion follows from the
fact that K is a retract of fif'(K).

(¢) Since coinv, commutes with -pullbacks, we can assume that X is an affine scheme and
—dim 7

K = Free(K’) for some K’ € D.(X). Using isomorphisms T®g, Free(K') ~ Free(Q,  ®g, K) and
coinvr o Free ~ Id, we conclude that in this case we have coinv, (K) ~ @?m” ®g, K, from which
the assertion follows. O

Lemma 1.2.16. Let f : X — S a morphism of schemes, let T be a group acting on X over S such
that Y := [X/T] is an algebraic space, fp-proper over S. Then the pushforward f, : D(X) — D(S)
exists, and for every K € D(Y), the object fi(p'K) € D(S) has a natural lift to D'(S). Moreover,
this lift belongs to Dr .(S) if K € D.(Y).

Proof. Morphism f gives rise to a Cartesian diagram

X B N

dl |7

Y = [x/1] —L— [s/1],

where T' acts on S trivially. Moreover, morphisms f and f decomposes as X = Y % S and
Y % 8 2 [S/T7], respectively, and morphism g : Y — S is fp-proper. By [BKV, Proposition 5.2.5],
our assumption on ¢ implies that ¢' has a left adjoint g, from which the existence of f; and f,
follow.

Moreover, since p is étale, we have an isomorphism fi(p'K) ~ p'(f,K), thus fi(p'K) € D(S)
has a natural lift fiK € D([S/T]) ~ DY(S). Finally, if K € D.(Y), then g K € D.(S), thus
1K =pi(9:K) € Dr.c(S). 0

Proposition 1.2.17. Let X be an admissible co-stack, let T be a group such that Q[T is Noetherian
of finite cohomological dimension, and let K € DY(X). Then we have K € Dr .(X) if and only if
we have For(K) € Degs —¢(X) and !, K € Dr .(pt) = Dpert(Q[T]) for every x € X (k).

Proof. By Lemma 1.2.15(b), we can assume that X is an admissible affine scheme X.

Assume first X is of finite type over k. If K € Dr .(X), then For(K) € Degs—(X) by Sec-
tion 1.2.14(b), and each ;. K € Dr .(pt) because ¢!, preserves I'-constructibility. Conversely, assume
that K := For(K) € Dess —(X) and 1, K € Dpert(Q[T]) for every z € X (k).

By Lemma 1.2.15(a), it suffices to show that there exists a finite constructible stratification
{Xa}a of X such that n), K € Dr.(X,) for all a. Thus, by Lemma 1.2.3, we can replace K by
nL, (K), thus assuming that X is smooth connected, K € Db(X) and each H!(K) is a finite extension
of the L ®g, V’s, where L is an irreducible constructible local system on X and V is a Q,-vector
space.

Since Q;[I'] is Noetherian of finite cohomological dimension, we have i}, K € Dpes(Q;[I']) if and
only if @, H'(:\,K) is a finitely generated Q;[I']-module. Since K is a finite extension of its shifted
cohomologies, and ¢}, [—2dim X] ~ ¢} is exact, we can replace K by €, H'(K), thus assuming that
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K = For(K) is a finite extension of the L ®g, V’s, where L is a simple (constructible) local system
on X and V is a Q;-vector space.

In this case, K has a canonical finite increasing filtration {K <, };, defined by the property that
K<it1/K<; is the largest semisimple local subsystem of For(K)/For(K)<;. In particular, each
K <; is T-invariant, so filtration {K <;}; gives rise to a filtration {K<;}; of K.

Replacing K by its graded piece gr’(K), we can assume that K is semisimple and has only many
simple factors. In this case, K decomposes as a finite direct sum @, K, where L runs over the
set of isomorphism classes of simple local systems L on X, and K := Hom(L, K) ®g, L. Now our
assumption that each H'(.\K) is a finitely generated Q;[']-module implies that each Hom(L, K)
is a finitely generated Q;[I']-module. Thus K, € Dr .(X) for all L, hence K € Dr (X).

In the general case, choose an admissible presentation X ~ lim, X,. Then For(K) is a pullback
of For(K)g € Dess —c(Xa) C D(X,) for some « (by Lemma 1.2.5). Next, using the fact that the
pullback 7', : D(X,) — D(X) is fully faithful, we conclude that the natural functor

D"(X,) = D(Xa) xpx) D'(X)
is an equivalence. Thus, K is a pullback of a unique object K, € D'(X,) such that
For(K,) ~ For(K)q € Dess —c(Xa)-
Since presentation X ~ lim, X, is admissible, the projection 7, : X (k) — X, (k) is surjective.

Hence, our assumption implies that ., (K,) € Dr.(pt) for every z, € Xo(k). Then, we get
K, € Dr..(X,) (by the particular case shown above), hence K = 7\, (K,) € Dr .(X). O

1.3. Perverse t-structures.

1.3.1. Perverse t-structures on D (X). Following [BKV, Section 6.2.3], for every X € Schi’ we

equip the co-category D.(X) with a canonical (-adapted) perverse t-structure (PD=%(X),?DZ%(X)):
(a) If X is equidimensional, we equip D.(X) with the t-structure (PD=%(X),?DZ%(X)), obtained

from the classical (middle-dimensional) perverse t-structure by shifting it by dim X to the left.

(b) For a general X, consider finite constructible stratification X; := {x € X | dim,(X) = ¢} (see
[BKV, Section 2.1.1]). Then each X; is equidimensional of dimension i, and we denote the inclusion
X; < X by n;. We define (PDs%(X),PD=%(X)) to be the t-structure on D.(X), obtained from
the t-structures (PD=°(X;),PD2%(X;)) from part (a) by gluing. Explicitly, we define PD=%(X)
(resp. PDZY(X)) to be the collection of all K € D.(X) such that nf(K) € PDs°(X;) (resp.
ni(K) € PD29(X;)) for all i.

(c) By [BKV, Lemma 6.2.5(c)], for every smooth morphism f : X — Y, the pullback f* is t-exact.

1.3.2. Perverse t-structures on placid co-stacks.

(a) Following [BKV], for every placid co-stack X we equip the co-category D(X') with a canoni-
cal perverse t-structure (PD<°(X),?D=°(X)). Namely, using [BKV, Lemma 6.1.2(a) and Proposi-
tions 6.3.1, 6.3.3] it can be uniquely characterised by the following properties:

(i) when X € Schf, then (PD<0(X),?D20(X)) extends the t-structure (PD0(X),PD20(X))
on D.(X) described in Section 1.3.1(b);
(ii) for every smooth morphism f : X — Y of placid oo-stacks, the pullback f' is t-exact;
(iii) the t-structure (PD=0(X),PDZ°(X)) is compatible with filtered colimits, that is, the oo-
subcategory PD2%(X) C D(X) is closed under filtered colimits.
14



(b) By [BKYV, Section 5.3.1(e) and Lemma 6.1.2(d)], we conclude that for every smooth covering
f: X = Y of placid co-stacks and K € D(X) we have K € PDZ°(X) if and only if f'K € PDZ%(Y).

Lemma 1.3.3. Assume that X € Schit is equipped with a finite constructible stratification {Xq o
such that each X, C X is of pure codimension d, let n, : Xo — X be the inclusion maps, and let
K € D(X). Then we have K € PD<(X) (resp. K € PD=(X)) if and only if n; K € PD<"49(X,)
(resp. n\, Ko € PDZ~%(X,)) for all a.

Proof. The “only if” assertion follows from the fact that functor n}[—d,] is right ¢-exact, while
functor n),[—d] is left t-exact (see [BKV, Lemma 6.2.5(b)]). By adjointness, functor (14 )i[da] is
right t-exact, while functor (14 )+[ds] is left t-exact. From this the “if” assertion follows. Indeed, if
nyK € PD2~4 (X)) for all o, then (14).n, K € PDZ°(X) for all a. Since K is a finite extension of
the (1)1, K’s, we conclude that K € PDZ9(X). The assertion for PD<(X) is similar. O

Proposition 1.3.4. Let X be an admissible co-stack (see Section 1.2.4), and we equip D(X) with
its canonical perverse t-structure (see Section 1.8.2). Let K € Degs—o(X) be such that for every
r € X(k), we have 1, K € PDZ(pt). Then K € PD2°(X).

Proof. By Section 1.3.2(b), we can assume that X is an affine admissible k-scheme X.

Assume first that X is of finite type over k. By Lemma 1.2.3, there exists a finite constructible
stratification {X,}, of X such that each X, is smooth connected, each inclusion 7, : X, < X
is weakly equidimensional of relative dimension —d, and all cohomology sheaves H'(K,) of all
K, :=n.,K are local systems.

By Lemma 1.3.3, we have K € PD=%(X) if and only if K, € PDZ~%(X,,) for all a. In particular,
it suffices to show that K, € PDZ%(X,) for all a. Thus, replacing X by X, and K by K,, we can
assume that X is smooth connected and all cohomology sheaves H!(K) are local systems. Then
our assumption that (\ K ~ (2 K[2dim X] € PD2%(pt) implies that K € D=~2dmX (X)) where
D=~2dim X yeferg to the usual (rather than perverse) t-structure. Since DZ~2dmX(X) = PD20(X),
we are done.

For a general X, choose an admissible presentation X ~ lim, X,, with projections m,. Since
K € Degs —o(X) we conclude from Lemma 1.2.5 that there exists an index o and K, € Dess —(Xa)
such that K =~ 7., K,. Moreover, since the projection m, : X(k) — X,(k) is surjective, our
assumption implies that ¢}, (K,) € PD=%(pt) for all z, € X, (k). Therefore, by the assertion for
X, shown above, we get K, € PD2%(X,,). Since w; is t-exact, the assertion follows. O

1.3.5. Perversity function.

(a) By a perversity on an Z-stratified oo-stack (V,{Va}aez) (see Section 1.1.9), we mean a
function p, : T — Z : a > v,, or, what is the same, a collection {v, }ocz of integers.

(b) Let f : X — Y be a morphism of co-stacks, where X is a placid oo-stack, and (Y, {Va tacz) is
a placidly stratified oo-stack, satisfying assumptions (i) and (ii) of Section 1.1.10(c). Then f gives
rise to perversity py := {Vq }aez, defined by vy := by + 0, for all a € 7.

1.3.6. Perverse t-structures on placidly stratified oo-stacks.

(a) Following [BKV, Definition 5.5.1], we say that an co-stack Y admits gluing of sheaves, if for
every topologically fp-locally closed embedding n : X — Y, the pushforward n. : D(X) — D(Y)
(see [BKV, Section 5.4.4]) admits a left adjoint n* : D(Y) — D(X).

(b) Let (¥, {YVa}aecz) be a placidly stratified co-stack such that ) admits gluing of sheaves. As
every Y, is placid, every D(),) has a canonical perverse t-structure (PD<%(),),?DZ%(),)) (see
Section 1.3.2). Since ) admits gluing of sheaves, we have pullback functors 0%, 7., : D(Y) — D(V.).
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Then, by [BKV, Proposition 6.4.2|, for every perversity function p, = {v4}aecz there exists a
unique t-structure (P»D=9(Y),P»D2%(Y)) on D(Y) such that

DY) = (K € DY) | K € "D< (V) for all a € T},

Pp20(Y) = (K € D(Y) | n, K € PD=""=(Y,) for all a € T}.
(c) We say that a sheaf K € D()) is p,-perverse, if it is perverse with respect to perversity p,.

1.3.7. The intermediate extension. Suppose we are in the situation of Section 1.3.6(b), and
let U C Y be an fp-open oco-substack.

(a) Then U C Y is equipped with a constructible stratification {Uy }aez,, Where Uy, :==UN Y,
for every @ € Z and Ty := {a € T | U, # 0}. Moreover, (U, {Us}aez,) is a placidly stratified
oo-stack.

(b) The perversity function p, : T — Z restricts to a perversity function p¥ : T,y — Z, thus gives
rise to a perverse t-structure (P D<0(2/), P, D=0(1f)) on D(U).

(c) For every p,-perverse sheaf K € D()), its restriction K|y, € D(U) is p-perverse. Conversely,
for every pY-perverse sheaf Ky € D(U) there exists a unique extension K € D()) (called the
intermediate extension) such that K is p,-perverse and K does not have non-zero subobjects and
quotients supported on Y \ U (see [BKV, Corollary 6.4.9]).

1.3.8. !-local systems.

(a) For every co-prestack X, we define a full subcategory Loc'(X) C D(X) of !-local systems
defined as follows:

e For Y € Affff we denote by Loc'(Y) be the full oo-subcategory of D(Y) consisting of
objects wy £ = wy ® L, where £ is a usual (ind-constructible) local system on Y and wy is a
dualizing complex. For every morphism f : Y’/ — Y of Afff:, we have a natural isomorphism
f!(WY7[,) ~ wy ¢« ¢, thus the class of l-local systems is closed under !-pullbacks.

e Next, for X € Affy, we denote by Loc'(X) be the full co-subcategory of D(X) consisting of
objects f'K, where f : X — Y is a morphism with Y € Afffct and K € Loc!(Y). Finally, for an
arbitrary oo-prestack X, we denote by Loc!(X ) be the full co-subcategory of D(X) consisting of
objects K such that f'K € LocI(X) for every morphism f: X — X from an affine scheme X.

(b) By construction, the class of I-local systems is closed under !-pullbacks and !-tensor products.
In particular, for every morphism f : X — Y with Y € Aﬂ”zt and every local system £ on Y, the
pullback wy ¢ := f'(wy,) is a !local system. To simplify the notation, we will often write w,
instead of wx r.

(c) For every Y € AlgSpl’ and K € Loc'(X), we have K € DZ2dmY (y)) where p=—2dimY
refers to the usual (rather than perverse) t-structure. More generally, mimicking the proof of [BKV,
Lemma 6.3.5(a)], for every placid co-stack X and K € Loc'(X) we have K € PD20(X).

(d) Similarly, mimicking the proof of [BKV, Lemma 6.3.5(d)], one shows that if n : X < Y is
an fp-locally closed immersion between placid co-stacks of codimension d with ) smooth, then for
every K € Loc'(Y) we have n* K € PD<2(x).

The following result is a slight generalization of [BKV, Theorem 6.5.3].

Theorem 1.3.9. Let (V,{Va}tacz) be a placidly stratified oo-stack, let U C ) be an fp-open
{Va}acz-adapted co-substack, and let f: X — Y be a U-small morphism of oo-stacks such that f
is ind-fp-proper, X is smooth, while Y admits gluing of sheaves.
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Then for every K € Loc!(X), the pushforward fi(K) is py-perverse. Moreover, fi(K) is the
intermediate extension of its restriction to U.

Proof. To proof the result, we repeat the argument of [BKV, Theorem 6.5.3], except we replace
[BKV, Lemma 6.3.5(a),(d)] by Sections 1.3.8(c),(d). O

The following general lemma will be used later.

Lemma 1.3.10. (a) Let C be a stable oco-category equipped with t-structure. Then there exists a
unique t-structure on CPU such that the forgetful functor For : CBY — C is t-exact.

(b) Assume further that C is Q;-tensored, cocomplete and that the t-structure on C is compatible
with filtered colimits. Then for every T € Rep@z ('), the functor coinv, : CBY — C is right t-ezact.

Proof. (a) Is a particular case of a standard fact, asserting that for every oo-category Z the stable co-
category of functors Funct(Z,C) has a unique ¢-structure such that Funct(Z,C)<° = Funct(Z,C=°)
and Funct(Z,C)2° = Funct(Z,C=9).

(b) Since the t-structure is compatible with filtered colimits, the functor ®g, —:C—=Cis
t-exact. As coinv, = coinvp o(r ®g, —), it suffices to show that the functor of I'-coinvariants is

right t-exact. It is thus sufficient to prove that its right adjoint triv : C — CPU is left t-exact. But
it is t-exact, as the composition For o triv is the identity functor. O

1.4. Lemmas on quasi-coherent sheaves. Motivated by a nice trick explained to us by Zhiwei
Yun, in this section we will establish simple properties of quasi-coherent sheaves, playing a central
role in the proof of Proposition 3.2.3.

Lemma 1.4.1. Leti: X < Y be a closed embedding of codimension d between smooth equidimen-
sional schemes over k. Then

(a) the derived pullback functor i* : DT (QCoh(Y)) — D (QCoh(X)) sends D=0 to D=~4;

(b) for every non-zero sheaf K € QCoh(Y'), which is scheme-theoretically supported on X, we
have H=(i*K) # 0.
Proof. Both assertions are local, so we can assume that i(X) C Y is a complete intersection. In
this case, assertion (a) follows from the Koszul resolution of 7. Ox.

Next, for every K as in part (b), we have K ~ i, M for some M € QCoh(X). Thus, by the
projection formula, we have i*i, M ~ M ®o, i*i.Ox. Hence, assertion (b) follows from the Koszul
resolution for ¢,Ox as well. O

Corollary 1.4.2. In the situation of Lemma 1.4.1, let K € DZ%(QCoh(Y)) be such that H°(K)
has a non-zero subsheaf K', which is scheme-theoretically supported on X. Then H~(i*K) # 0.

Proof. Consider the fiber sequence
P HUK) = i*K — i K.
Since i* 7K belongs to DZ~9+! by Lemma 1.4.1(a), we conclude that H~¢(i*H°(K)) ~ H™(i* K).
Thus, replacing K by H°(K), we can assume that K € QCoh(Y). Then, using Lemma 1.4.1(a) for
1*(K/K'), we obtain that the map
H U K') = H™ (i K)

is injective. Since H~4(i* K') # 0 by Lemma 1.4.1(b), the assertion follows. O
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Proposition 1.4.3. Let n1,...,0, : X = Y be closed embeddings of smooth equidimensional k-
schemes, letpx : X xY — X and py : X XY =Y be projections, and let K € D*(QCoh(X xY))
be such that

(i) K is set-theoretically supported on the union of the graphs of the n,’s;

(ii) we have K @ p% A € D=0 for all A € QCoh(X).
Then we have K ® p} B € D=4mX=dimY" f5 g1 B € QCoh(Y).

Proof. Let n be the minimal integer j such that H/(K ® p}B) # 0. We want to show that
n > dim X —dim Y. By assumption (i), there exists a nonzero subsheaf K’ C H" (K @ p3, B), which
is scheme-theoretically supported on the graph of some 7,.

Consider morphism I';,, := (Idx,7n,) : X = X x Y. It is a closed embedding of smooth equidi-
mensional k-schemes of codimension dimY". Thus, by Corollary 1.4.2, we have #"~4™Y/(I'y (K ®
pyB)) # 0. So it suffices to show that I'; (K @ p3-B) € pzdim X=2dimy

Using isomorphisms

I (K @pyB) ~T (K)®@n,B~T, (K& px(n,B))

and Lemma 1.4.1(a), it suffices to prove that K ® p% (n:B) € D=dmX—dimY By [emma 1.4.1(a),
we have ) B € D2dimX—dimY "4 the assertion follows from assumption (ii). ]

2. GROUP ANALOGS OF RESULTS OF [BKV]

In this section, we will show analogs of the results [BKV] in the group case.

2.1. Flatness of the Chevalley map for arcs.

2.1.1. Arc and loop spaces. We set O := k[[t]] and F := k((t))).

(a) For an affine scheme of finite type X over O, we denote by £ (X) the affine scheme over k
(called the arc space of X), representing a functor A — X (A[[t]]). Then £ (X) ~ lim,en £, (X),
where £,(X) is an affine scheme of finite type over k (called the n-truncated arc space of X),
representing a functor A — X (A[t]/(t"+1)).

(b) We have a closed embedding X — £, (X), corresponding to the A-algebra homomorphism
A — A[t]/(t"1), and projections ev,, : £,(X) — X and ev : LT(X) — X, corresponding to the
A-algebra homorphisms A[t]/(t"*!) — A and A[[t]] — A such that ¢ — 0.

(¢) We have a natural action of multiplicative group G, on £, (X) over X, which corresponds
to the action of AX on the A-algebra A[t]/(t"T!) given by the rule a - f(t) := f(at). Then for
x € L,(X)(k) and a € Gy, the limit lim,_,o(a - z) exists and is equal to ev, ().

(d) If X is smooth over O, then the argument of [BKV, Section 3.1.4] shows that the arc space
L(X) is admissible and £(X) ~ lim,, £,,(X) is an admissible presentation.

(e) For every affine scheme of finite type X over F, we denote by £(X) the ind-scheme over
k representing functor A — X (A((t))), which is called the loop space of X (compare [BKV, Sec-
tion 3.1.5]).

2.1.2. Set up.
(a) Let G be a connected reductive group over k, let B O T be a Borel group and a maximal
torus of G, respectively, let W be the Weyl group of G, let A := X..(T') be the lattice of cocharacters

of T, let W := A x W be the extended affine Weyl group of G, and let R be the set of roots of G.
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(b) By a theorem of Steinberg—Chevalley |St|, the restriction map k[G] — k[T] induces an
isomorphism k[G]¢ = k[T]", where G acts by conjugacy. Let ¢ := T/W = Spec(k[G]%) be the
Chevalley space of G. Then we have canonical projections y : G — cand 7 : T — c.

(c) Let ® := [[,cr(1l — a) be the discriminant function. Then ® € k[c] = k[T]", and the
regular semisimple locus ¢ C ¢ is the complement of the locus Z(D) of zeros of ©®. We denote by
G™ = x71(c™) and T := 7~ 1(c™) the preimages of ¢**.

(d) For most of the paper (everywhere except Lemma 2.1.4) we will assume that the derived group
G of G is simply connected. In this case, ¢ is a smooth affine scheme (by [St, Theorem 6.1]).
Furthermore, this assumption implies that the centralizer of every semisimple g € G is connected
(see [Hu, § 2.11, Theorem]) that centralizer of every g € G™ is a maximal torus and that the
restriction 7™ : T™ — ¢*® of 7 is a W-torsor (see [Hu, § 2.5, Remark]).

(e) We denote by I := ev~!(B) C L*(G) the Iwahori subgroup scheme of £G and denote by
v: I — L%(c) the restriction of x : g — ¢. Similarly, for every n € N, we set I,, := ev,, 1 (B) C L,,(G)
and let v, : I, — £, (c) be the restriction of x,, := L, (x) : Ln(G) — L, (¢).

(f) Following [Yunl, Yun2], we assume that the characteristic of k is either zero or greater than
2h, where h is the Coxeter number of G. Note that this assumption implies that the characteristic
of k is prime to |[W|, hence prime to the cardinality of Z(G9°r).

The following result is central for what follows.

Theorem 2.1.3. For every n € N, the morphisms xn, : L,(G) — Ly(c) and v, : I, = L,(c) are
flat.

Our strategy will be to deduce the result from the corresponding results for Lie algebras shown
in [BKV, Theorem 3.4.7].*

Lemma 2.1.4. Assume that G satisfies the assumption of Section 2.1.2(f) but not necessary of
Section 2.1.2(d), and let Us C G be the locus of unipotent elements of G. Then we have equalities

(2.1) dim £, (Ug) = dim £,,(G) — dim L (¢), dim (L, (Us) N I,) = dim I, — dim L, (c).

Proof. Let G* be the semisimple covering of the derived group of G, and let Ay be the variety of
nilpotent elements of g := Lie G.

Since the projection G — G induces an isomorphism Ugsc — Ug, we can replace G by G*°,
thus assuming that G is semisimple and simply connected. Then, applying results of Springer [Sp]
(or using quasi-logarithms of [KV, Section 1.8] and results of [BR]) one shows that there exists
an Ad G-equivariant isomorphism ® : Ug = N, inducing an isomorphism R, (B) = Lie R, (B).
Therefore ® induces isomorphisms

(2.2) LoUe) S La(Ny),  LaUle) NI, S5 La(Ng) N Liel,.

Since Ny = x;'(0c), where x4 : g = ¢4 is the Chevalley map for g and 0. := x4(0), and since
L,, commutes with limits, we have £,,(Ny) = L,,(xg) '(0c). Therefore equalities (2.1) follows from
isomorphisms (2.2) and flatness of morphisms £,,(xg) : £n(g) = L, (cg) and v, : Lie I, = Ly(cq),
established in [BKV, Theorem 3.4.7]. O

“Notice that unlike many of the results of [BKV], which are proven under an assumption that the characteristic
of k is prime to |W/, our proof of [BKV, Theorem 3.4.7] uses [Yun1, Corollary 2.5.2] and therefore is only valid under
the stronger assumption of Section 2.1.2(f).
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Corollary 2.1.5. In the situation of Theorem 2.1.3, for every a € ¢(k), we have equalities
(2.3) dim L, (x !(a)) = dim £, (G) — dim £,,(¢), dim(L,(x '(a))NI,) = dim I, — dim £, (c).

Proof. To show the first equality (2.3), we choose any s € T(k) N x !(a). Then x '(a) C G
consists of elements g with Jordan decomposition g = gsus such that g, is G-conjugate to s. Since
Ger is assumed to be simply connected, the centralizer G is connected. Moreover, the map
[(g,u)] + g(su)g~! induces an isomorphism
(2.4) G x% Ug, = x"(a),
(see, for example, [Sl, Ch. II, 3.10, Lemma and Thm)]).

Therefore it induces an isomorphism
(2.5) L,(G) x5 G L, (Us,) S La(G x% Ug,) S La(x(a)),
where for the left isomorphism we use [BKV, Section 3.1.4(f)]. Then

dim £,,(x "' (a)) = dim £,,(G) — dim £,,(G,) + dim L, (Uc.),

so the first equality (2.3) is equivalent to the first equality (2.1) for G5. Since our assumption of
Section 2.1.2(f) for G implies that G, the assertion thus follows from Lemma 2.1.4.

To show the second equality (2.3), it suffices to show that the maps [(g,u)] — g(su)g~! for
s € T(k) N x 1(a) induce an isomorphism
(2.6) [T (1 x5 C (Lo, N 1)) 55 Lol (@) O T

seT (k)Nx~1(a)

Indeed, assuming isomorphism (2.6), the second equality (2.3) is equivalent to the second equality
(2.1) for G, and thus would follow from Lemma 2.1.4.

Notice first that the maps [(g,u)] — g(su)g~! induce an isomorphism
(2.7) 11 (B x%"B R,(GsNB)) S x*(a) N B.

s€T(k)Nx~*(a)

Indeed, this follows from the fact that for every g € x~!(a) N B its semisimple part g, € B is

B-conjugate to a unique element s € TN x 1 (a).
Next, we observe that the diagram

[n Xﬁn(Gs)nIn (ER(UG&) m]n) _ En(G> XLH(GS) En(uGs)

(2.8) l l
B x%NB R, (GsN B) — G x% Ug,,

where the horizontal maps are induced by the embedding B — G and vertical maps by the projec-
tion evy, : £,(G) — G, is Cartesian.

Finally, isomorphism (2.6) follows from a combination of isomorphisms (2.4), (2.5) and (2.7),
using the Cartesian diagram (2.8). O

Now we are ready to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. First we will show the case of x,,. As the source and the target of y,, are
smooth and connected, it suffices to prove that all non-empty geometric fibers of y,, are equidimen-
sional of constant dimension dim £,,(G) — dim £, (¢).
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Since the function
(2.9) Ln(G) = L g = dimg x5 (xn(9))
is upper semi-continuous (see [EGA IV, Theorem 13.1.3] or [Sta, Tag 02FZ]), it thus suffices to
show that
(2.10) dimy x;, ' (xn(9)) < dim £,,(G) — dim £, (c)

for every g € L,,(G)(k).
Recall that group G,, acts on £, (G) and £, (c) (see Section 2.1.1(c)), the morphism Yy, is G,,-
equivariant, and element g := ev,(g) € G(k) lies in the closure of the G,,-orbit of g € L£,,(G)(k).
Thus, by the semi-continuity of function (2.9) we conclude that

dimyg x,, ' (xn(9)) < dimg x;," (xn(3))-
Therefore it is suffices to show inequality (2.10) for g € G(k).
Finally, since functor £,, commutes with limits, we have an identification
Xn ' (Xn(9) = x5 (@) = Ln(x 7 (a)) for a:= x(g) € c(k).
Thus, inequality (2.10) for g € G(k) follows from the first equality (2.3).
The proof for v, is similar. First of all, it suffices to show that for every g € I,, we have inequality

(2.11) dim, v;, * (v, (g)) < dim I,, — dim £, (c).

Next, since I, C L,(G) is closed and G,,-invariant, repeating the argument for x,, we conclude
that it suffices to show inequality (2.11) for g € B(k). Finally, using identification

vn (Un(9)) = La(x ™ (@) NI, for a:=x(g) € e(k),
inequality (2.11) follows from the second equality (2.3). O

2.2. The Goresky—Kottwitz—MacPherson stratification.

2.2.1. Construction (compare [BKV, Sections 3.3.2-3.3.3]).

(a) We set a := |W|, O := k[[t«]], let £ € k be a fixed a-th root of unity, and let o € Aut(O’/O)
the automorphism given by ta fti. We denote by T" := Respr /o T the Weil restriction of
scalars, and for w € W we consider the subscheme of fixed points T, := Respr/0(T)"7. Since the
characteristic of k is assumed to be prime to a (see Section 2.1.2(f)), each T,, is a smooth group
scheme over O.

(b) To every pair (w,r), where w € W and r is a function R — %Zzo, one associates the fp-locally
closed subscheme T, » C L*(T,,) such that

Twr={t € LT(T,) | val(1 — a(t)) = r(a) for all a € R}.
Thus, T, r is either empty or an open subscheme in some congruence subgroup scheme of L1 (T,), in
which case Ty, » is connected and strongly pro-smooth. Moreover, by Sections 1.2.4(e) and 2.1.1(c),
scheme T, , is admissible. We will call (w,r) a GKM pair, if T, » # 0.

(¢) The projection 7 : T — ¢ of affine schemes over k induces a projection m,, : T,, — ¢ of affine
schemes over O, hence a projection 7y y : T r < L (T) — L1 (c).

(d) In the case (w,r) = (1,0), we have an equality T}, , = LT (T").

(e) For every u € W and a GKM pair (w,r), the automorphism wu, of T induces an isomorphism
Tor — Tywu—1,u(r) OVer L7 (c). In particular, we have an action of W on the set of GKM pairs
given by the formula u(w,r) := (vwu~"', u(r)), and we denote by W, , C W the stabilizer of (w,r).
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Proposition 2.2.2. For every GKM pair (w, ), the schematic image ¢y, r 0f Ty is a connected
affine strongly pro-smooth fp-locally closed subscheme of LT (c), and the map my p : Toyr — Copp 1S
a Wy r-torsor.

Proof. Since m : T — ¢ a finite morphism which is a W-torsor over ¢" (see Section 2.1.2(d)), the
assertion follows from [BKV, Lemma 3.2.6] by the same arguments as in [BKV, Section 3.3.4]. O

2.2.8. Notation. Asin [BKV, Section 3.4.1], for every GKM pair (w,r), we consider codimensions
Qe = codimpt (g, y(Twe) and by, := codimgt(c)(cw,r), denote by 7 the rank of G, and set
de =3 perT(Q), e =7 — dim(T?) and &y, p := L5,

The following result is a group analog of [BKV, Corollary 3.4.9(a)]:

Lemma 2.2.4. For every GKM pair (w, 1), the fp-locally closed subscheme I, » = v (cy ) C I
is of pure codimension by, p.

Proof. Repeating the argument of [BKV, Corollary 3.4.9(a)], the assertion is a formal corollary of
the flatness of v, (Theorem 2.1.3). O

One has the following analog of [GKM, Theorem 8.2.2]:
Proposition 2.2.5. For every GKM pair (w, 1), we have an equality by r = duy r + Gy r + Cu-
The proof is based on the following simple result.

Lemma 2.2.6. (a) Let X be a scheme with placid presentation X ~ lim, X,, and letpr, : X — X,
be projections. Then for every x € X (k), the tangent space T, (X) has a placid (even admissible)
presentation T,,(X) ~ lim, T, (X,) with z, := pr,(z) € Xo(k) for each a.

(b) Let f: X =Y be an fp-morphism between strongly pro-smooth k-schemes. Then for every
xz € X(K), the differential df, : T,(X) — Ty(Y) is finitely presented, and we have an equality

dim(z) = dimgy, (0).

(c) Let f : X =Y be a morphism of smooth schemes over O, let x € X(O) = LT (X)(k) be such
that the generic fiber fr : Xp — Y is étale at x, let df, : T.(X) — T (Y') be the differential (an
O-linear map of relative tangent spaces), and let LT (f) : LT(X) — LT(Y) be the map between arc
spaces.

Then d(LY(f))e : To(LT(X)) = Ty (LT(Y)) is an fp-closed embedding of pure codimension
val(det df, ), where val(det df,) denotes the valuation of the determinant of df,.

Proof. (a) The isomorphism T, (X) ~ lim, T,_(X,) follows from the fact that functor of tangent
spaces commutes with limits. To finish, we observe that each projection Xz — X, is smooth, hence
the differential T’ ,(Xg) — T, (X4 ) is surjective, thus smooth.

(b) By assumption, there is a Cartesian diagram

X vy

px | [P

X/ f Y/
such that X' Y’ € Schfct are smooth and vertical morphisms are strongly pro-smooth. Since func-
tor of tangent spaces preserves fiber products, the assertion for f follows from the corresponding
assertion for f’. Finally, since X’ and Y’ are smooth over k, the assertion for f’ follows.
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(c) Assume first that X =Y = A}, and f is an O-linear map. In this case, f is injective and
the assertion is easy. Next, to deduce the general case follows from the linear case, we observe that
d(LF(f))z is naturally identified with £ (df,) : LT(To(X)) = LT (T(4)(Y))- O

Now we are ready to prove Proposition 2.2.5.
Proof of Proposition 2.2.5. Let x € Ty, r and y 1= 7y () € ¢yyr. Then we have a commutative
diagram
g (Tuur) —T; (L+ (Tw))

d(ﬂw,,‘)wl ld(ww)z

Ty(cw,r) —— Ty (L7 (¢))-

Since the map myr : Tiyr — €y r i étale (by Proposition 2.2.2), the map d(my, »), is an isomor-
phism (compare the proof of Lemma 2.2.6(b)). Since the generic fiber (my,)r : (Ty)r — cF is étale
at ¢ € T,(O), the map d(my), is injective of codimension val(det d(my,),) (by Lemma 2.2.6(c)).
Therefore, by Lemma 2.2.6(b), we have equalities

bw,r = codimr, £+ () (Ty(cw,r)) = codime, £+ (o)) (To(Tw,r)) =

= codimrp, (z+ (1, )) (Te (Tw,r)) + codimp, 2+ () (To (LT (Tw))) = @ + val(det d(my)s).
It thus suffices to show that

dr w

val(det d(my)z) = 6wy + Cw = —&2—0 .
But this follows by the argument of [GKM, Lemma 8.2.1] except we have to replace the identity
[GKM, (2.3.1)] by its group version [Hu, Section 4.23]. O

2.2.7. Remark. Note that our proof of the codimension formula is much shorter than the one of
[GKM], as we already know that the map myp : Ty r — €y r is étale.

Corollary 2.2.8. For every GKM pair (w, ), we have an inequality by, » > 8y p. Moreover, equality
holds if and only if w=1 and r=0.

Proof. Since Gyr,cyy > 0, the inequality by r > 0y follows from Proposition 2.2.5. Moreover,
equality holds if and only if ¢, = @ = 0. Furthermore, this happens if and only if w = 1 and
Twr =Ty CLY(T) is open. Finally, T, C £*(T) is open if and only if r = 0. O

2.3. The affine Grothendieck-Springer fibration.
2.3.1. The fibration (compare [BKV, Sections 4.1.1-4.1.3]).
(a) Let §l:= L G/I be the affine flag variety, and set
C:={(lg,7) €SI LG | g "y € I}.

By functoriality, the Chevalley morphism x : G — ¢ induces a map Lx : LG — L, and we set
¢:= (Lx) YL (c)) € LG. The second projection I x LG — LG induces a projection p : € — €.
(b) Note that € is the inverse image of the fp-closed substack [I/1] C [£G/I] by the map
Ad:§Ix LG = [LG/I]: ([g),) = [97 ],
where I acts on the right hand side by conjugation. Therefore ¢ is an fp-closed ind-subscheme
of §I x LG. Moreover, since §l is an ind-fp-proper ind-scheme over k, the map p is ind-fp-proper

(compare [BKV, Lemma 4.1.4]).
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(¢) The group ind-scheme £ G acts on € by the rule
h(lgl,v) = ((hgl, hyh ™)

and the map Ad from part (b) induces an isomorphism of co-stacks [€/ £ G] = [I/I]. Moreover,
the map p is £ G-equivariant and hence induces a map between quotient stacks
(2.12) p:[¢/LG] —[¢/ LA,
which is also ind-fp-proper (by part (b) and [BKV, Section 1.2.9(b)]).

(d) The projection pr : I — T induces a morphism [¢/ £ G] =5 [I/I] — T, which we also denote
by pr. Explicitly, pr send a class [([g],)] to the class of g~ 1vg € I.
2.3.2. The constructible stratification (compare [BKV, Section 4.1.7]).

(a) Let Z(D) C ¢ be the locus of zeros of © € k[c], and set L1 (c)e := L1 (c) N LT(Z(D)). It is a
non-quasi-compact open subscheme of £7(¢), which has an open increasing covering

£+(C). = U CSma
meN
where ¢<,, := {a € L1(¢) | val(D(a)) < m}.

(b) We set €4 := (LX) (ca) C €, Cpp:= (LX) (c<m) C €, and €, = p~1(C,). We can then
write €, as an increasing union of open ind-schemes:

(2.13) €= J ¢

Then each €<,, is an ind-placid ind-scheme, being an fp-locally closed sub-indscheme of an ind-
placid ind-scheme £ G.

(¢) For every GKM pair (w,r), we set Cpr = x L(cwr) € €0 and €y p = p~1(Cpr) C C,. As
in the Lie algebra case, {¢y r }wr forms a bounded constructible stratification of £(c)s and induces
a bounded constructible stratification {{€y r/ L Glred }w,r of [€o/ LG].

(d) The projection p from Section 2.3.1(c) induces projections p, : [é./ﬁG] — [€4/ LG] and
Ew,r : [Q:w,r/EG}red - [Q:w,r/EG]red-

2.3.3. Affine Springer fibers.
(a) For every v € €,(k) C G™(F), the closed ind-subscheme

3L, =A{lg) €3l | g 'yg eI},

is the preimage of p~1(v) and is usually called the affine Springer fiber of v. By Section 2.3.1(b),
Sl is an ind-fp-proper ind-scheme over k.

(b) As in the Lie algebra case, the reduced ind-scheme (§l,);cq is a finite-dimensional scheme,
locally of finite type over k. Moreover, if v € €, »(k), then, in the notation of Section 2.2.3, we
have an equality dim(Fl,)red = O r-

Namely, both assertions can be either deduced from the results of [KL] and [Be| by the argument
of [BV, Appendix B.2-B.3| (using quasi-logarithms and the topological Jordan decomposition) or
be obtained in a more general framework of [Bol] and [BCh].
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2.3.4. Fibration over a GKM stratum. Fix a GKM pair (w,r).

(a) As in [BKV, Sections 4.1.5-4.1.6], we have a canonical embedding T, , — &, ,, unique up
to an £ G-conjugacy, thus a canonical map Yy r @ Tyr — [Cwr/ L Glrea. Furthermore, arguing
as in [BKV, Corollaries 4.1.10 and 4.1.12] one concludes that the map 1)y, is a smooth covering,
[€y.r/ L G]rea is an admissible co-stack (see Section 1.2.4), and ¥, induces an isomorphism

[ww,r] : [Tw,r/(Ww,r X (£ Tw)red] :> [Q:w,r/EG]reda
where the group scheme (£ T, )req acts on T, , trivially.
(b) Counsider the Cartesian diagram

Dw,r >
Xw,r SE— [Q:w,r/ﬁG]red

(2.14) gw,,l lﬁ

Tw,r ﬂ) [qw,r/ﬁG}rcd~

By definition, X, , is the reduction of a closed ind-subscheme

{([g),7) € FIXxTwr | g 'vg € I} CFIX Ty
In particular, there is a natural action of the group scheme (£ Ty, )req 00 Xy » over T, ,, given by
the formula ¢([g],v) := ([tg],y) (compare [BKV, Section 4.3.2]).
(¢) Recall that group A,, := Homp(G,,,Ty,) is naturally a subgroup of £(Ty,)rea via the embed-
ding A — A(t). Therefore the action of £(T),)req from part (b) induces an action of A, on X, ,
over Ty, ». Moreover, the composition

Xuw 225 [€un/ LG 25T (lg),7) = lg~ "]

is Ay -equivariant and thus factors through the projection X, » — [Xy »/Auw]-
The following result is a group analog of [BKV, Corollary 4.3.4].

Proposition 2.3.5. (a) In the notation of Section 2.3.4, Xy r is a placid reduced scheme locally
finitely presented over Ty, r, equipped with an action of A,,. Moreover, the quotient [ X, »/Ay] is an
algebraic space, fp-proper over T, . Furthermore, there exists a subgroup Al, C A, of finite index
such that the quotient [X,, »/Al)] is a scheme.

(b) The map P, . is a locally fp-representable morphism between placid oo-stacks. Moreover, it
is uo-equidimensional of relative dimension 0, p.

Proof. To prove the results, we repeat the arguments of [BKV, Corollary 4.3.4(a),(b)], replacing
[BKV, Theorem 3.4.7] by Theorem 2.1.3 and replacing dimension formula of Bezrukavnikov [Be] by
its group version (see Section 2.3.3(b)). O

Theorem 2.3.6. The projectionP, : [€./ LG] — [€4) LG] is [€<0/ L G]-small (see Section 1.1.10).

Proof. Note that ([€e/ LG, {[€w,r/ L Glred }w.r) is a placidly stratified co-stack (by Sections 2.3.2(c)
and 2.3.4(a)), and that [€,/ £ G] ~ [I,/1] is a placid co-stack (by Section 2.3.1(c) and 1.1.5(a)).
Moreover, each [€,r/ £ G] ~ [Ly.r/I] is an fp-locally closed substack of [€,/ £ G] ~ [I, /1] of pure
codimension by, » (by Lemma 2.2.4 and Section 1.1.7(b)(ii)), each p,, ,. is locally fp-representable and
equidimensional of relative dimension d,,, (by Proposition 2.3.5(b) and Section 1.1.8(b)). Finally,
inequalities of Section 1.1.10(c)(iii) follow from Corollary 2.2.8. O
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2.3.7. Fibration over a regular stratum.

(a) Arguing as in [BKV, Corollaries 4.2.2-4.2.3], we have a commutative diagram

[CHT™)/LH(T)]  —"—  [€<0/LG]

1 e
[LH(T™) /W % L(T)rea] — [€<0/ L Clred;
where the top isomorphism is the isomorphism [¢,, ] of Section 2.3.4(a) for (w,r) = (1,0).
(b) Using isomorphism L(T);eq =~ LT(T) x A (see [BKV, Section 4.1.11]), we conclude from
the commutative diagram of part (a), that the projection pq : [€<o/ LG] — [€<0/ L Glrea is a
W-torsor.

(c) Notice that the composition
[LH(T™)/LH(T)) 5 [€<0/ LG) 25 T

sends [t] — ev(t). In particular, it is W-equivariant with respect to the natural action of W and
the trivial action of A on both sides.

3. APPLICATION TO AFFINE GROTHENDIECK—SPRINGER SHEAVES
3.1. Perversity and W-action.

3.1.1. Observations (compare [BKV, Sections 7.1.1-7.1.3]).

(a) Recall the projection p : [€/ £LG] — [€/ L G] is ind-fp-proper (see Section 2.3.1(c)), so the
pullback p' admits a left adjoint P, that satisfies base change (by [BKV, Proposition 5.3.7]).

(b) Using observations of Section 2.3.2(b) and arguing as in [BKV, Lemma 7.1.2], one obtains
that the oo-stack [€,/ £ G| admits gluing of sheaves.

(c) By Theorem 2.3.6, the stratified co-stack ([€e/ L G, {[€w.r/ L Glred }w.r) is placidly stratified,
and the projection p, : [€s/ LG] — [€4/ LG] is [€<o/ L G]-small. Therefore morphism p, gives rise
to a perversity p, = {Vy.r }w,r, defined by vy p := 4 r + by r (see Sections 1.3.5(b) and 2.2.3).

(d) By parts (b),(c) and Section 1.3.6(b), the co-category D([€./ L G]) is equipped with a canon-
ical t-structure, corresponding to the perversity p, .

Theorem 3.1.2. For every !-local system K € Loc'([€./ L@)), the push-forward (8,)1(K) is p,-
perverse. Moreover, it is the intermediate extension of its restriction to [€<o/ L G].

Proof. Since projection p, is [€<¢/ £ G)-small (by Theorem 2.3.6), the assertion follows from The-
orem 1.3.9. 0

3.1.3. Basic example.

(a) Let pr : [¢/LG] — T be the projection (see Section 2.3.1(d)). Then a local system £
on T gives rise to the -local system w, on [€/ L G] (see Section 1.3.8(b)), hence to the object
Sr :=p(we) € D([€/ LG]), called the affine Grothendieck-Springer sheaf.

(b) Let Sg.e be the restrictions of Sz to the open substack [€,/ L G]. Since p, satisfies base
change, we have an identification Sz ~ (P, )i(wz) € D([€s/ L G]). Thus, by Theorem 3.1.2, the
sheaf S; o is p,-perverse and is the intermediate extension of its restriction Sz <o € D([€<o/ L G]).
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(c) For every v € €4(k), we denote by ¢ the corresponding morphism pt — [€,/ L G]. Then, by
base change, we have an isomorphism

(3.1) 11(See) 2 RT(1,, we).
Corollary 3.1.4. (a) For a local system L on T, we have natural isomorphisms
Q. Sc.e 5 Suwy(c)e for w € W, SAtISFYING o, (ws),(£) © Qws, £ = Quwywy,c fOT W1, w2 € w.

(b) The affine Grothendieck—Springer sheaf Sco € D([€e/ LG]) is equipped with a natural
A-action, that is, has a natural lift to D*([€./LG]). Furthermore, S;.e has a natural lift to

DW([Q./EG]), if £ is W-equivariant.

Proof. (a) Since S¢. o is the intermediate extension of Sz <o (see Section 3.1.3(b)), for every w € w
the restriction map

Hom(Sz e, S (2),0) = Hom(Sz, <0, Sw,(2),<0)

is an isomorphism. Thus, it remains to construct a collection of isomorphisms

Gw,r : Sc.<0 i Sw!([,),go, satisfying Ay (w3)i (L) © Qwa, £ = Qwyrwy,L-
By the base change, we have an isomorphism Sz <o =~ (p<q)i(wz). Recall that the projection
P<o : [€<0/ LG] — [€<o/ L Glreq is a W-torsor, and the projection pr : [&4/LG] — T is W-

equivariant (see Section 2.3.7(b),(c)). Since w, = pr'(wr ® £) € D([C<o/ L)), for every w € w
we have an isomorphism w(wz) ~ Wy, (£), hence an isomorphism

w,c : Se.<0 > (P<oh(we) = (P<o o wh(we) = (P<o)rwr(we) = (P<o)i (W, (2)) = Swy(c).<o-
Moreover, the identity ., (w,),(£) © Gws,£ = Guyw,,c 18 straightforward.
(b) Since perverse sheaves have no negative Exts, it follows for example from [Lu, Remark 1.2.1.12]
that the oco-category Perv?” ([€,/ L G]) of p,-perverse sheaves is equivalent to its homotopy category.

Since each Sy o is p,-perverse, it is thus enough to construct the action at the level of homotopy
categories. So both assertions follows from part (a). O

Corollary 3.1.5. Fizx v € €,(k). For a local system (resp. W -equivariant local system) L on T,
(a) the complex RT'.(§\,,wr) is equipped with an action of A x LG., (resp. W x LG);

(b) for every i € Z, the cohomology group H:(Fl,,w,) is equipped with an action of A x mo(L G.)
(resp. W x mo(LGS)).

Proof. (a) Notice that the morphism ¢, : pt — [€,/LG] from Section 3.1.3(c) factors through
[pt /L G,]. Therefore the pullback i (Sg..) € D*(pt) of Sg.e € D*([€,/ LG]) has a natural lift
to an object of D ([pt / L G,]) = DY*£C (pt). From this the assertion follows using isomorphism
(3.1). The assertion for W-equivariant local systems is similar.

(b) By part (a), for every i € Z, the cohomology group H!(§Fl,,w,) is equipped with an action
of A x LG (resp. W x LG.). Now the assertion follows from the fact that the £ G,-action on
each H(§l,,w,) factors through mo(LG5). O

3.1.6. Remark. By the Poincaré duality, the cohomology group H, 2(3[77“%) coincides with the
homology group H_;(§l,, F) considered in [BV]. Thus, by [BV, Corollary 2.2.8|, we have an a
priori different Lusztig action of A (resp. W) on each H:(FL,,wz).
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Proposition 3.1.7. For every v € €4(k) and i € Z, the action of A (resp. W) on HA(FL,, wr)
from Corollary 3.1.5 coincides with the action from [BV, Corollary 2.2.8].

Proof. By the construction of the actions in Corollary 3.1.5 and [BV, Corollary 2.2.8], it suffices to
show that for every w € W, the isomorphism

(32) Ay, L - Hci(%[’yawﬁ) :> Hé(g[’y?wwy(ﬁ))a

induced by the isomorphism a,, ¢ of Corollary 3.1.4, coincides with the isomorphism of [BV, Propo-
sition 2.2.7(c)].

Recall that the affine Weyl group W is generated by a set SCW of simple affine reflections and
a finite abelian group  := N g(I)/I (compare [BV, Section 2.1.2(d)]). Thus, it suffices to show

the equality of isomorphisms a,, o for w € Q and w € S.
To show the assertion for w € Q = N, (I)/I, note that w induces an automorphism w, of
[€/ LG] ~[I/I] over [€/ L G] and in both cases the isomorphism a,, » of (3.2) is induced by w..

To show the assertion for w = s € g, consider diagram of adjoint quotients

/N 2 [B,/B) s T

Esl psl

[Po/P) —Z—s [Ly/L,]

,|
€/ LG,

where Ps 2 I is the minimal standard parahoric of £ G, corresponding to s, P;” C P is the pro-
unipotent radical of Ps, Ly := Ps/P; is the corresponding “Levi subgroup”, Bs := I/P;" C Ly is
the Borel subgroup of L, and all the maps are natural projections.

Set Sin = (ps)i pri(wr,z) € D([Ls/Ls]). Then, by the usual (finite-dimensional) Springer theory
(see, for example, [BV, Section 1.2.1.(e)]), we have a natural isomorphism

fin fin ™~ cfin
as,L‘,:SL', _>SS!(£,)'
On the other hand, by the proper base change, we have a natural identification

Se = (P )P )1 (pr®) pri(wr.c) =~ (0°)1(PT) (ps)r pri(wr c) = ()1 (PF*) (SE").

So iSOmOrphiSm Qg p induces an iSOmOrphism
a : S(: =S
s,L S (E) 9

where “Lu” stands for Lusztig, and by definition the isomorphism (3.2) of [BV, Proposition 2.2.7(c)]

is induced by isomorphism al%..

It remains to check that the restriction of the isomorphism al'. to [€,/ £ G] coincides with the

isomorphism of a,  of Corollary 3.1.4. By construction, it suffices to show that the restriction of

the isomorphism a3} to [€<o/ £ G] is induced by the geometric action of s € W on [€<o/ L G]. But
this follows from the fact that the usual Springer action a?f‘ﬁ is induced by the geometric action on
the regular semisimple locus. |
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3.1.8. Remarks. The following observations are not used in this work:

(a) Arguing as in [BV, Proposition 2.2.7] or [Bo2, Section 3.3] (using presentation of W by
generators and relations), one can show that a small modification of the argument of Proposition
3.1.7 provides a Lusztig action of A (resp. W) on Sy on the level of homotopy categories. In
particular, using the perversity of S o and observation of [Lu, Remark 1.2.1.12] again, one can
deduce that the induced action on S, o lifts uniquely to the action on the level of oco-categories.
Moreover, the resulting action of A (resp. W) on Sr.e coincides with the one of Corollary 3.1.4.

(b) Furthermore, using perversity of finite-dimensional Springer sheaves, one can show that the
Lusztig action of A (resp. W) on S¢ on the level of homotopy categories discussed in part (a) can
be lifted to the action on the level of co-categories (see [BeKV2]). Furthermore, this lift can be
shown to be unique.

Corollary 3.1.9. For every v € €4(k) and i € Z, the cohomology group H:(FL,,we) is a finitely
generated Q,[A]-module.

Proof. This follows from a combination of Proposition 3.1.7 and [BV, Proposition 3.3.2]. |

3.1.10. Remark. The proof of [BV, Proposition 3.3.2] uses a group version [BV, Proposition 2.3.4]
of Yun’s theorem [Yun2] on the compatibility of actions on homology of affine Springer fibers, whose
proof is global. A different (purely local) proof of this assertion will appear in [BeKV2].

Theorem 3.1.11. For every local system L on T, the sheaf S;.o € D*([€4/ L G]) is A-constructible.

Proof. By Lemma 1.2.15(a), it suffices to show that the !-restriction of Sy to each stratum
[€u.r/ L Glrea is A-constructible. Moreover, since ¥y, : Twr — [€wr/ L Glred is a covering (see
Section 2.3.4(a)), it follows from Lemma 1.2.15(b) that it suffices to show that the !-pullback
(Yw.r)'(Sc.e) € D(Tyr) is A-constructible.

By the base change, we have (¥yr)' (Sc.e) =~ (guwr)i(we), where gy @ Xy — Ty is the
morphism from Section 2.3.4(b). Moreover, as it is shown in Proposition 2.3.5, the group A, acts
on X, over Ty, , and the quotient [X,, r/A,] is an fp-proper algebraic space over Ty, .

Since the composition pro¢,, » : Xy — T factors through the projection X, » — [Xur/Aw]
(see Section 2.3.4(c)), it thus follows from Lemma 1.2.16 that (g, r)i1(wz) € D(Ty ) has a natural
lift to DA« (T, ), and the corresponding lift is A,-constructible. Hence, by Section 1.2.14(b), the
sheaf (gy,r)1(we) is essentially constructible.

Note that T, , is an admissible scheme (see Section 2.2.1(b)) and algebra Q,[A] is Noetherian
of finite cohomological dimension. Thus, by Proposition 1.2.17, it suffices to show that for every
v € Ty ¢ (k), the pullback

Lgy((gw,r)!(wﬁ)) = RFC(S[’W(UZ:) € DA(pt)
is a perfect complex. Equivalently, we have to show that each cohomology group Hé(&[wwg) is a
finitely-generated Q;[A]-module. But this follows from Corollary 3.1.9. O
3.1.12. Remark. A different proof of (a generalization of) Theorem 3.1.11 will appear in [BeKV2].

Corollary 3.1.13. For every local system L on T and representation T € Rep@é (A), the sheaf of T-

coinvariants Sg e r = coinv, (S o) is essentially constructible. Furthermore, Si o ; is constructible,

if T is finite dimensional.

Proof. Since Sg.o € D*([€4/LG]) is A-constructible (by Theorem 3.1.11), the assertion follows

from Lemma 1.2.15(c). O
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3.2. Perversity of 7-coinvariants. Now we are ready to prove the main result of this work.

Theorem 3.2.1. For every local system on L on T and representation T € Rep@z (A), the sheaf of
T-coinvariants Sz e » = coinv,(Sz.e) € D([€e/ L G]) is p,-perverse.
3.2.2. Remarks. (a) Unlike S; o, we do not expect that Sz o - is always the intermediate extension

of its restriction to [€<o/ £ G]. Similarly, we do not expect that Sz o - is always irreducible, when
7 and L are irreducible.

(b) On the other hand, our argument shows that there exists an open co-substack U C [€<o/ L G]
(a union of finitely many strata [, /L G]) such that S; . . is the intermediate extension of its
restriction to U for every representation 7 € Rep@e (A). We also expect that Sz o 7 is of finite length,
if 7 and £ are such.

Proof. As S¢ e is py-perverse (by Theorem 3.1.2), and the functor of 7-coinvariants is right t-exact
(by Lemma 1.3.10), we only have to prove that S o, € P»D=9([¢,/ L G]). By definition, we have
to check that for every GKM pair (w,r), we have

Uiu,r(SL,-,T) € pD27V1u'r([€u1,r/EG]red)-

Next, using identity vy r = Owr + buwr = 20 + Co + A r = dr + @y » (by Proposition 2.2.5), it
thus suffices to check that for every GKM pair (w,r), we have

niutr(Sz:,-,r) € pDZ_dr([Qw,r/LG]red)-

Since Sg.,r is essentially constructible (by Corollary 3.1.13), the pullback 7, .(Sc.e.r) is es-
sentially constructible (by Section 1.2.2(c)). Using the fact that the oco-stack [€yr/ L Glrea 18
admissible (see Section 2.3.4(a)), it follows from Proposition 1.3.4 that it suffices to show that for
every v € €, (k), one has an inclusion

(3.3) 1 (8z,0.7) € D=7 (pt).

Combining isomorphism L;(Sﬁ,.) ~ RI'.(§l,,wc) (see Section 3.1.3(c)) with observations of Sec-

tions 1.2.8(c),(d), we get an isomorphism
LEY(SL,.,T) ~ (LEY(SL.))T ~ RU.(§ly,we)r =7 @%A/\] RT.(F1y,wr),

where 7 is the right @;[A]-module, corresponding to 7 € Repg, (A) (see Section 1.2.8(d)). Now
inclusion (3.3) follows from Proposition 3.2.3 below. O

Proposition 3.2.3. For every v € €, n(k) and every representation 7 € Repg, (A), we have
T %M RT (3L, we) € D=7

Proof. Set V := RI'.(§l,,w,) and we want to show that 7 ®é
£
more structural, we will divide it into steps:

(Al V € DZ~%, To make the proof

Step 1. Note that A, := Homp(G,,,G,) is naturally a subgroup of £ G., via the map X — A(t).
By Corollary 3.1.5(a), V is equipped with an action of A x £ G, therefore with an action of A x A,.
We claim that for every v € Rep@l (A4), we have

V e D27 20ws
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Proof. Consider projection p : §l, — Y := [§l, /A,], and let pr, : §l, — T be the restriction of
pr:[€/LG] — T (see Section 2.3.1(d)). As in Section 2.3.4(c), the projection pr,, factors through
p:§l, =Y. Thus, V ~ RU.(Y,pip'w,), where we write w, instead of wy. . (see Section 1.3.8(b)).
Moreover, the A.-action on V' comes from the A,-action on pip'w, (compare Lemma 1.2.11(a)).

Then, using Sections 1.2.8(c),(d) and Lemma 1.2.11(b), we have an identification

vk V ~ coinv, (V) ~ coinv, (RT.(Y, pip'w,)) ~

QelA]
!
~ RI.(Y, coinv, (pip'ws))) ~ RT(Y, A, @ wr).

!
Using Sections 1.3.8(b),(c) we conclude that A, ® w, is a !-local system on Y, hence it lies in
D=2~2dimY (') with respect to the usual (rather than perverse) t-structure. Therefore we have

! .
v @%M V ~ RT.(Y, A, @ wy) € DZ~2dimY

so our assertion follows from the equality dimY = dim §L, = dy . O

Step 2. As in [BV, Section 2.3.1], we have a canonical isomorphism (£ Gy) ~ X.(G4)ry,
where we set X, (G,) := Hom#(G,,, G,). Moreover the composition A, — LG, — mo(L G,) can
be rewritten as

Ay = Xu(Go)'F = Xu(Gy) = Xu(Gy)rp = mo(LG).

In particular, the homomorphism A, — /N\.y := mo(L£ G,) is injective, and the quotient A, := K'y/A'y
is finite.

Consider induced representation V := indﬁ:(V) of A x /NLY. Then, by Step 1, for every represen-

tation € Repg, (A), we have

V= (7]s,) V € D= 20w,

~ oL L
Y O, [A,] BBl

where v|5 denotes the restriction of v, and we want to show that

L ¥ (ral oK, | ¢ p>—ds
rek Ve (el V) € p=—dr,

Step 3. Next we are going to rephrase the assertion of Step 2 geometrically:

Set X := Spec(Qy[A,]) and Y := Spec(Q,[A]). Then X and Y are affine algebraic groups (hence
smooth equidimensional affine schemes) of dimensions dim X = r —¢,, and dimY = r, respectively.
Since V' is equipped with an action of A x A, it corresponds to an object K € D(QCoh(X x Y)).

Note that a quasi-coherent sheaf A € QCoh(X) corresponds to a representation v € Repg, (Ay),
and the derived tensor product ®é ] A corresponds to K @ p3 (1*A) € DP(QCoh(X x Y)),
2Ly
where involution ¢ : A +— A~! appears because of conventions of Section 1.2.8(d). Similarly, a
representation 7 € Repg, (A) corresponds to a quasi-coherent sheaf B € QCoh(Y) and the derived

tensor product K ®@F p} (1*B) € D*(QCoh(X x Y)) corresponds to T (X% A V.
£

Hence, by Step 2, we have K @ p5 A € DZ~2% for all A € QCoh(X), and it suffices to show
that we have K @ pi B € D=9 for all B € QCoh(Y).
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Step 4. Recall that G, C G is a maximal torus. Hence every Borel subgroup B O G., over F'
gives rise to an isomorphism

¢p=¢p:Gy—B— B/[B,B|~T,
and following [BV] we call such isomorphisms admissible.”

Every admissible isomorphism ¢ gives rise to a surjective homomorphism of groups
A =X (T) -2 X.(G) = X.(Gy)r, ~ Ay 5 K,

where ¢ is the map ¢ : g — g~ !, hence a surjective homomorphism of @Q;-algebras Q;[A] — Q, [/NXW]
Therefore ¢ gives rise to a closed embedding ¥ < X, which we will denote by 7.

Also the surjective homomorphism of groups Kv — K’y gives rise to a homomorphism of alge-
braic groups A, = Spec(Q,[A,]) — Spec(Q[A,]) = X. In particular, every A € A, induces an
automorphism of X, hence a closed embedding ng » :=Aong : Y — X.

Step 5. By Claim 3.2.4 below, the quasi-coherent sheaf K € D?(QCoh(X x Y)) is set-
theoretically supported on the union of graphs of the n4 x’s. Hence, by observation of Step 3 and
identities dim X —dimY = ¢, and —dy = —26,, r — ¢y, our assertion follows from Proposition 1.4.3
applied to the quasi-coherent sheaf K[—24,, ] and closed embeddings {74 x}e.- O

Claim 3.2.4. The quasi-coherent sheaf K € D*(QCoh(X xY)) from Step 3 is set-theoretically sup-
ported on the union of graphs of the 14 »’s, where ¢ runs over the set of all admissible isomorphisms

G, = T and X\ runs over elements of A.,.

Proof. Tt suffices to show that each cohomology sheaf H!(K) is supported on the union of graphs
of the 1g »’s.

By definition, #!(K) corresponds to the representation H(V) ~ indﬁ: (H'(V)) of A x A, where
(as before) H*(V) is a representation of A x A, obtained as a restriction of the representation of
A x LG, Moreover, the action of A x A, on H*(V) naturally extends to the action of A x A.,.
Namely, this follows from the fact that the action of LG, on H*(V) = H*(Fl,,w,) factors through
/~X7 = mo(L G,) (see Corollary 3.1.5(b)).

By the observations of the previous paragraph, representation H 1(17) of 1~\7 x A decomposes as a
direct sum @, 5 *H'(V), where *H'(V) denotes the twist of H'(V) by A. Therefore, it suffices to
show that the quasi-coherent sheaf K* € QCoh(X xY'), corresponding to H'(V), is set-theoretically
supported on the union of graphs of the 7,’s. As it was explained in the proof of [BV, Claim 5.3.4],
the assertion follows from [BV, Theorem 2.3.4], which is the group version of [Yun2, Theorem 2]. O

Corollary 3.2.5. For every W -equivariant local system on L on T and every T € Rep@((W), the
sheaf of T-coinvariants Sg o = coinv,(Sz.e) € D([€a/ L G]) is p,-perverse.

Proof. Since S; o 7 ~ (Sg,.,ﬂ/\)W and (SL,.,T|A)W is a retract of Sg o |, , the assertion follows from
Theorem 3.2.1. ]

3.2.6. Remark. Note that Theorem 3.2.1 is a formal consequence of Corollary 3.2.5. Indeed, for
every local system on £ on T, the local system L := @, .y wi(£) has a natural W-equivariant

5The collection of admissible isomorphisms form a W-torsor.
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structure. Moreover, for every 7 € Repg,(A) and 7 := ind (1) € Repg, (W), we have a natural
isomorphism Sg ¢ r >~ Sz , =

Finally, we are going to show a version of Corollary 3.2.5 for Lie algebras.

3.2.7. Lie algebra case. Let g be the Lie algebra of G, let €5, C Lg be the locally closed
ind-subscheme, denote in [BKV] by &,, and let Sy o € D([€4.e/ L G]) be the affine Grothendieck—
Springer sheaf for Lie algebras denoted by S, in [BKV]. Then, by [BKV, Theorem 7.1.4], Sy o is

perverse and is equipped with a W-action. Hence, as in Corollary 3.1.5(b), Sy has a natural lift

to an object of DW([QQ,./ L G]), so for every representation 7 € Repg, (W), one can form the sheaf
of 7-coinvariants Sy e r = coinv,(Sg.e) € D([Cq.e/ LG]).

Theorem 3.2.8. For every T € Repg, (W), the sheaf Sg.e.r € D([€q,6/ LG]) is perverse.

Proof. To prove the result, we repeat the argument of Theorem 3.2.1 word-by-word, replacing results
of the current work by those of [BKV] and replacing [BV, Theorem 2.3.4] by [Yun2, Theorem 2]. O
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